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SHOCK DEVELOPMENT IN SPHERICAL SYMMETRY 


DEMETRIOS CHRISTODOULOU AND ANDRE LISIBACH 


Abstract. The general problem of shock formation in three space dimensions was solved 
by D. Christodoulou in IChr07l . In this work also a complete description of the maximal 
development of the initial data is provided. This description sets up the problem of continuing 
the solution beyond the point where the solution ceases to be regular. This problem is called 
the shock development problem. It belongs to the category of free boundary problems but in 
addition has singular initial data because of the behavior of the solution at the blowup surface. 
The present work delivers the solution to this problem in the case of spherical symmetry for 
a barotropic fluid. A complete description of the singularities associated to the development 
of shocks in terms of smooth functions is given. 
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1. Introduction 

1.1. Overview. The Euler equations are a set of nonlinear hyperbolic partial differential equa¬ 
tions. Physically they represent the conservation of energy, momentum and mass. It is well 
known that, given smooth initial data, solutions of equations of this type can blow up in finite 
time. In the case of the Euler equations the gradients of the solution become infinite. The 
mechanism of the blowup is called formation of a shock and has first been studied in one space 
dimension by Riemann in 1858 |Rie59| . The general problem of shock formation in three space 
dimensions for a fluid with an arbitrary equation of state was solved by Christodoulou in the 
monograph |Chr07| . In this work also a complete description of the maximal development of 
the initial data is provided. This description properly sets up the problem of continuing the 
solution beyond the point where the solution ceases to be regular. This problem is called the 
shock development problem and is stated in the epilogue of [Chr07| . It belongs to the category 
of free boundary problems but possesses the additional difficulty of having singular data due 
to the behavior of the solution at the blowup surface. The present work gives the solution to 
this problem in the physically important case of spherical symmetry for a fluid with barotropic 
equation of state. The result is a step in understanding the development of shocks in fluids. It 
provides the basis on which the continuation, interaction and breakdown of shocks in spherical 
symmetry can be studied. Furthermore, the mathematical tools invented to deal with the prob¬ 
lem will be of importance in studying solutions to nonlinear hyperbolic equations beyond shock 
formation. 

1.2. Shock Development. The general problem of shock formation in a relativistic fluid has 
been studied in the monograph |Chr07| by Christodoulou. This work is in the framework of 
special relativity. The theorems in this monograph give a detailed picture of shock formation 
in 3-dimensional fluids. In particular a detailed description is given of the geometry of the 
boundary of the maximal development of the initial data and of the behavior of the solution at 
this boundary. The notion of maximal development in this context is not that relative to the 
background Minkowski metric 77 ^, but rather the one relative to the acoustical metric g^. This 
is a Lorentzian metric, the null cones of which are the sound cones. In the monograph it is shown 
that the boundary of the maximal development in the ’acoustical’ sense (relative to g) consists 
of a regular part and a singular part. Each component of the regular part C_ is an incoming 
characteristic (relative to g) hypersurface which has a singular past boundary. The singular part 
of the boundary is the locus of points where the density of foliations by outgoing characteristic 
(relative to g) hypersurfaces blows up. It is the union d-BUB , where each component of d-B is 
a smooth embedded surface in Minkowski spacetime, the tangent plane to which at each point is 
contained in the exterior of the sound cone at that point. On the other hand, each component of 
B is a smooth embedded hypersurface in Minkowski spacetime, the tangent hyperplane to which 
at each point is contained in the exterior of the sound cone at that point, with the exception of 
a single generator of the sound cone, which lies on the hyperplane itself. The past boundary of a 
component of B is the corresponding component of d-B. The latter is at the same time the past 
boundary of a component of C_. This is the surface where a shock begins to form. The maximal 
development in the case of spherical symmetry is shown in figure [I] In spherical symmetry a 
component of d-B corresponds to a sphere and therefore to a point in the t-r-plane, the cusp 
point, which we denote by O. 

Now the maximal development in the acoustical sense, or ’maximal classical solution’, is 
the physical solution of the problem up to C U d-B , but not up to B. In the last part of 
the monograph the problem of the physical continuation of the solution is set up as the shock 
development problem. This is a free boundary problem associated to each component of d-B. 
In this problem one is required to construct a hypersurface of discontinuity AC, the shock, lying 
in the past of the corresponding component of B but having the same past boundary as the 
latter, namely the given component of d-B , the tangent hyperplanes to K, and B coinciding 
along d-B. Moreover, one is required to construct a solution of the differential conservation 
laws in the domain in Minkowski spacetime bounded in the past by C U 1C, agreeing with the 
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Figure 1 . The maximal development in a neighborhood of a blowup point in 
spherical symmetry. C_ denotes the regular part of the boundary of the maximal 
development. C_ is incoming characteristic and originates at the cusp point O. 
The cusp point O corresponds to cL£>. B denotes the singular part of the 
boundary of the maximal development. The family of outgoing characteristic 
curves is drawn as straight lines for simplification. 


maximal classical solution on CUd-B, while having jumps across K, relative to the data induced 
on /C by the maximal classical solution. For reasons which will be made clear below we call this 
solution state behind while the solution in the maximal development we call state ahead. The 
jumps across K. have to satisfy the jump conditions which follow from the integral form of the 
conservation laws (the relativistic form of the Rankine-Hugoniot jump conditions). Finally, K. 
is required to be spacelike relative to the acoustical metric g induced by the maximal classical 
solution, which holds in the past of /C, and timelike relative to the new solution, which holds 
in the future of K, (the last condition is equivalent to the condition that the jump in entropy is 
positive). The maximal classical solution thus provides the boundary conditions on CU d~B, 
as well as a barrier at B. The situation in spherical symmetry is shown in figure [21 

In the present work the shock development problem is solved in the case of spherical symmetry 
and under the assumption that the fluid is described by a barotropic equation of state. The pres¬ 
ence of spherical symmetry represents an important physical case, also from the point of view of 
applications, and reduces the problem to one on the t-r-plane, where t denotes Minkowski time 
and r denotes the radial coordinate. The assumption of a barotropic equation of state is appro¬ 
priate for liquids and also for a radiation gas. The fluid being barotropic the energy-momentum 
conservation law decouples from the particle conservation law. The system of partial differential 
equations reduces to an inhomogeneous system with two unknowns. One of the key concepts 
used to deal with the system of equations are the Riemann Invariants a, (3 of the principal part 
of the system of equations. The equations are reformulated in terms of characteristic coordinates 
(u,v). These coordinates are defined by the outgoing and incoming null rays with respect to 
the acoustical metric g , u being constant along outgoing null rays and v being constant along 
incoming null rays. In addition the coordinates are set up such that the shock K, is given by 
u = v. The system of equations for the time and radial coordinates ( t , r) in terms of (u, v ) is 
the Hodograph system. The Hodograph system together with the system of equations for the 
Riemann Invariants is a non-linear four by four system. This system is then solved using a 
double iteration consisting of an inner and an outer iteration. In the outer iteration the position 
of the free boundary in the f-r-plane is iterated, providing, through the jump conditions, in each 
step the boundary conditions for a fixed boundary problem. The equations being non-linear, 
this fixed boundary problem is then solved using again an iteration, the inner iteration. The 
solution of the fixed boundary problem then allows to set the position of the free boundary in 
the f-r-plane for the next iterate. This is accomplished as follows. The solution of the fixed 
boundary problem provides the values of r and t in terms of the characteristic coordinates along 
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the shock 1C, i.e. r(v,v), t{v,v). In the formation problem the solution in the maximal devel¬ 
opment (denoted by (•)*) is given in terms of the acoustical coordinates ( t,w ), where w is a 
function which is constant along outgoing characteristic hypersurfaces. Now r(v, v ) is set equal 
to the radial coordinate given by the acoustical coordinates, i.e. r*(t,w), when t = t(v,v) is 
substituted, i.e. r(v,v) = r*(t(y, v), w). This equation is called the identification equation since 
it identifies the radial coordinates of events in spacetime, with respect to the solution of the 
fixed boundary problem and with respect to the solution in the maximal development, along 
the shock 1C. It plays a very important role, and the study of it is at the heart of the solution 
to the problem. The identification equation has to be solved for w in terms of v in order to 
be able to apply the jump conditions and in order to compute the boundary data for the next 
iterate in the outer iteration. This is not possible offhandedly. Only after correctly guessing the 
asymptotic form of the solution as we approach the sphere d-B, can the identification equation 
be reduced to an equation which is solvable for w in terms of v. The iteration then yields the 
local existence of a continuously differentiable solution to the shock development problem. Also 
uniqueness of this solution is proven. Finally it is proven that the solution is, away from the 
shock 1C, smooth. 



Figure 2. The state behind in dark shade and the state ahead in light shade, 
separated by C_ and the shock 1C where outgoing characteristics meet. The fam¬ 
ily of outgoing characteristic curves is drawn as straight lines for simplification. 


The problem is solved in the framework of special relativity. Nevertheless, no special care 
is needed to extract information on the non-relativistic limit. This is due to the fact that the 
non-relativistic limit is a regular limit, obtained by letting the speed of light in conventional 
units tend to infinity, while keeping the sound speed fixed. 

2. Relativistic Fluids 

In the present section we introduce the model of a perfect fluid in special relativity. Then 
we discuss the associated jump conditions. Finally we restrict ourselves to the barotropic case. 
Most of the material in this section can be found in the first chapter and the epilogue of |Chr07] 
and in the first section of |Chr95j . 

2.1. Relativistic Perfect Fluids. The motion of a perfect fluid in special relativity is described 
by a future-directed unit time-like vector field u and two positive functions n and s, the number 
of particles per unit volume (in the local rest frame of the fluid) and the entropy per particle, 
respectively. Let us denote the Minkowski metric by 77 . The conditions on the velocity u are 
then 


( 1 ) 


V(u,u) = - 1 , 


u° > 0 . 
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The mechanical properties of the fluid are specified once we give the equation of state, which 
expresses the mass-energy density p as a function of n and s 

( 2 ) p = p(n,s). 

Let e = p/n be the energy per particle. According to the first law of thermodynamics we have 

(3) de = —pdv + dds , 

where p is the pressure, v = 1/n the volume per particle and 6 the temperature. We have 


dp 1 dp 

P — n ~T\ - Pi & = 


V ,,/' 1 = 0, 
V„T A “' = 0, 


(4) n — !“o ” — a • 

dn n ds 

The functions p, p , 9 are assumed to be positive. The equations of motion for a perfect fluid are 
given by the particle conservation law and the energy-momentum conservation law, i.e. 

(5) 

( 6 ) 

where T and I are the energy-momentum-stress tensor and the particle current, respectively, 
given by 

(7) = (p + p)u M u 1 ' +p(p -1 ) / “', H = nu^. 

The component of (0) along u is the energy equation 

( 8 ) u»V ti p+{p + p)V fJ ,u» = 0. 

Using 0 in 0 together with 0 we deduce 

(9) = 0, 

i.e. modulo the particle conservation law, the energy equation is equivalent to the entropy 
being constant along the flow lines. Nevertheless the equivalence of the energy and entropy 
conservation only holds for C 1 solutions. Let := 6% + u^u v denote the projection onto the 
local simultaneous space of the fluid. The projection of (0 is the momentum conservation law 

( 10 ) {p + p)u l 'V u u^+W u V u p = 0. 

The symbol er^ of the Eulerian system 0,0, (fTUl) at a given covector £ is the linear operator 
on the space of variations (h, s, u) whose components are 

( 11 ) + 

( 12 ) 

(13) (p + pK^ + II^p. 

We note that 

. dp dp. 

(14) P= d^ n+ Y, s - 

The characteristic subset of T*M, that is the set of covectors £ such that the null space of a j is 
nontrivial, consists of the hyperplane P'*: 


Up := u % = 0 


(15) 

and the cone C*: 

(16) H C := i(V£ M ) 2 - V 2 ^ V UP) = 0, 

where p is the sound speed 

'dp N 


(17) 


p 2 := 


dp 


We assume that the equation of state satisfies the basic requirement 
(18) 


0 < p 2 . 
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The characteristic subset of T X M corresponding to P*, i.e., the set of vectors x £ T X M of the 
form 


(19) 


dHp 

X M = -T— = 




Z e K. 


is simply the vector u(x), while the characteristic subset of T X M corresponding to C*, i.e., the 
set of vectors x £ T X M of the form 

• M _ dH c _ V( . „ _ 2 t 


( 20 ) 

is the sound cone C x : 
( 21 ) 




= u v ^-^ ip 1 ^, t&c* x , 


(ifUftUv - n iiv )x IJ X 1 ' = o. 


We define the acoustical metric g^ by 

(22) g^ v u (1 g 

C x is then given by 

(23) gp V x^x v = 0. 

We assume that the equation of state satisfies the basic requirement 

(24) if < 1, 

which is equivalent to the condition that the sound cone is contained within the light cone. For 
£ £ P* the null space of a^ consists of the variations satisfying 

(25) p = 0, = 0 

(the isobaric vorticity waves). For (gC* the null space of consists of the variations satisfying 

(26) i = 0, *■ = - , +++ 

{p + p)u v £ v 

(the adiabatic sound waves). We note that the inverse acoustical metric is given by 


(27) 


(g- 1 r = (r?- i r-(^-i) 


We define the one form ft by 

(28) fix ■■= —hUfj,, 

where h is the enthalpy per particle given by 

p+p 


(29) 

We deduce 

(30) 


h := e + pv = 


{£uf)p = -tPV^/itq.) 
h 


p + p 


+ Ui_ l U 1 ' 


p + p 


jxp V i/h J , 


where for the first equality we used the definition of the Lie derivative together with the first of 
m while for the second equality we used (Hhd- By (EH1) in conjunction with ([3]) the expression 
in the last parenthesis is equal to —0V„s. Therefore, by (f9jl. the last term vanishes and we have 

(31) C u /3 = dh — 6ds. 

We define the vorticity two form by 

(32) u := d/3. 


Let us denote by ix contraction from the left by A'. From (H2S1) we deduce 
(33) i u (3 = h. 
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Since for any exterior differential form •& it holds that Cx'd = ixdd + dix$-, we obtain from m 

(34) i u u; = — dds. 

We conclude that the equations of motion 0, © are equivalent to the system 

(35) = 0, 

(36) = 0, 

(37) i u uj = — Ods. 

In fact (1361) follows from (1371) . 

2.2. Jump Conditions. It is well known that the solution of the equations ([5]) , 0, in general, 
develop discontinuities. Let K be a hypersurface of discontinuity, i.e. a C 1 hypersurface K. 
with a neighborhood U such that T^ and 7 M are continuous in the closure of each connected 
component of the complement of K, in IA but are not continuous across 1C. Let N /I: be a covector 
at x £ 1C, the null space of which is the tangent space of 1C at x 

(38) T X K = {A' M e T X M : N^X' 1 = 0}. 

Then, denoting by [•] the jump across 1C at x , we have the jump conditions 

(39) [TH N v = 0, 

(40) [I»] 7V m = 0. 

These follow from the integral form of the conservation laws 0, © • Consider the 3-form 7*^ 
dual to 7^, that is, 

(41) la,07 = I IJ,£ v,ap'i, 

where e^a/ 3 -y is the volume 4-form of the Minkowski metric y. In terms of 7* equation (0 
becomes 

(42) dl* =0. 

Also, given any vector field X , we can define the vector field 


(43) 

By virtue of ©> P satisfies 

(44) 
where 

(45) 

In terms of the 3-form P* dual to P 

(46) 

equation (ITU) reads 

(47) 


P» := r] a0 X a T^. 


= -7 t^T^, 


^ flu — dlx^fiu- 




dP* = -( 7 r- T)e. 
2 v ' 


Consider now an arbitrary point x € K. and let IA be a neighborhood of x in Minkowski 
spacetime. We denote W = ICCiU. Let Y be a vector field without critical points in some larger 
neighborhood Uq D U and transversal to 1C. Let C$(y) denote the segment of the integral curve 
of Y through y GW corresponding to the parameter interval (—<5, 5) 

(48) jCs(y)--={F s (y):se(-6,S)}, 

where F s is the flow generated by Y. We then define the neighborhood of x in Minkowski 
spacetime by 

(49) V 5 := jj C s (y). 

yew 
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Integrating equations (PI). PI) in Vs and applying Stokes’ theorem we obtain 


(50) 

(51) 



r = o, 



JVs 1 


Now the boundary of Vs consists of the hypersurfaces 


(52) m := {F s (y) : y € W}, W- S := (F_ 5 (y) : j, e W}, 
together with the lateral hypersurface 

(53) (J A(y). 

j/eaw 

Since this lateral component and Vs are bounded in measure by a constant multiple of 6, we 
take the limit 6 —> 0 in (l501l , (ISTl) to obtain 

(54) f [I*] = 0, 

Jw 

(55) / [P*]=0. 

Jw 

That these are valid for any neighborhood W of a; in K. implies that the corresponding 3-forms 
induced on K, from the two sides coincide at x, or, equivalently, that 


(56) p] N„ = 0, [P"] = 0. 

The first of these equations coincides with 60D, while the second, for four vector fields X 
constituting at a; a basis for T X M , implies HMD- 


2.3. Determinism and Entropy Condition. By virtue of (12H) only time-like hypersurfaces of 
discontinuity can arise. Since T X KL is time-like, the normal vector N M = (?7 -1 p N v is space-like 
and we can normalize it to have unit magnitude 

(57) r, = 1. 

We must still determine the orientation of 1C. Let point from one side of T X IC , which we 
label + and which we say is behind T X YC , to the other side of T X 1C, which we label — and which 
we say is ahead of T X IC. Then for any quantity q we have [q] = q+ — q-. If we define 

(58) u± := -r](u,N), 
then the jump condition (11(11) reads 

(59) n + u± + = n-uj_- =: /, 

where the quantity / is called particle flux. If / ^ 0, the discontinuity is called a shock. In 
this case we choose the orientation of N such that / > 0, that is, the fluid particles cross the 
hypersurface of discontinuity K, from the state ahead to the state behind (see figure E- If / = 0 
the discontinuity is called a contact discontinuity and in this case the orientation of iV^ is merely 
conventional. 

In terms of v. the volume per particle, we have 

(60) u±-=fv-, uj_+ = fv + . 

The jump condition (1391) reads 

(61) (p+ + p+)u + u_ L+ - P+N = (p_ + p-)u-u_ L_ - P-N. 

Substituting (15(11) into m the latter reduces to 

(62) fh + u+ — p+N = fh-U- — p-N, 
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Figure 3. Four fluid flow lines crossing the shock 1C from the state ahead to 
the state behind. 


where we used (EH1) . According to (1 Cl 21) the vectors u+, u- and N all lie in the same timelike 
plane. Taking the //-inner product of (1621) with N we obtain 

(63) fh + u_ l+ +p+ = fh-U±— + p-. 

Substituting from m this becomes 

(64) p + -p_ = -f 2 (h + v + -h_v-). 

On the other, taking the 77 -inner product of each side of m with itself we obtain 

(65) P+~ P- = / 2 (^+ — h 2 _ — 2 h + v + p + + 2h_V-P-). 

Equations (1M1) and (Rl5l) together imply whenever / ^ 0, as is the case for a shock, the following 
relation 


(66) h 2 + — h 2 _ = — p-){h+V-\- + h-V-). 

This is the relativistic Hugoniot relation , first derived by A. Taub | Tau48| . We note that in the 
case of a contact discontinuity (/ = 0) (lii^l) reduces to p+ = P-. 

The only shock discontinuities which arise naturally are those which are supersonic relative 
to the state ahead and subsonic relative to the state behind. We call this the determinism 
condition. The condition that K. is supersonic relative to the state ahead means that, for each 
x € K., N/j, is a time-like covector relative to gZ 1 , i.e. 

(67) (gZ'^NuNv < 0, 


while the condition that 1C is subsonic relative to the state behind means that, for each x € 1C, 
N tJ is a space-like covector relative to g + 1 , i.e. 

( 68 ) {g?y v N»N v > 0 . 

In view of dZZD , conditions (1671) and (1681) are 


(69) 


U_L_ > 


V- 


1 —rfi 


U_ L+ < 


v+ 


r+ 


Substituting from m, these become 
(70) 


f > P-I v - f < P+/ v + 


1 - rt x/l-- 2 


V+ 


We conclude that the determinism condition reduces to 
(71) 


V- /v- V+/v+ 


l-v- x / 1 - 7 ? 2 
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The determinism condition is illustrated in figure 01 



Figure 4. Illustration of the determinism condition: Sound cones at a point 
on 1C. Dotted: Backward sound cone with respect to the state ahead. Dashed: 
Forward sound cone with respect to the state behind. Thin solid line: fluid flow 
line. 


We now look at the entropy condition which is 

(72) [s] = s+ - s_ > 0. 

In the following we will show the equivalence of the entropy condition to the determinism 
condition. Since (recall (01, f 

dh = de + d(pv) 

(73) = vdp + dds, 
the expansion of [h] = h+ — /i_ in powers of \p\ and [s] is 

(74) [ h ]=v-\p] + ^(^ M 2 + ^(0) \p} 3 + 0-(s\ + O((s} 2 ) + O((pf) + O((p][s}). 


Hence 


h 2 + -h 2 _ = 2 h_v- \p\ + I h- +v 2 _j [p] 2 

(75) + {¥(0) +v -(t0 }H 3 + 2 ^-W + 0 (W 2 ) + 0 (M 4 ) + o(b]W)- 

Also [u] = v+ — V- is expanded as 

TO H= (t0 W + K0) W 2 +0([!>] 3 )+0(W). 


Hence 

(h + v + + h_v-)(p + — p~) = 2 h-V- [p] + 


(77) 


h _ (d 2 


dv' 
dp) _ 

3v- (dv\ 


Comparing (1751) and (1771) with the Hugoniot relation 


\pY 


+ ^ ( w) _ + - U ) _ / w + > + ° (b] [s]) - 

we conclude 


1 





(78) 


126L h_ 


\pf + o(\p] 4 ). 
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(79) 


Consider next the condition CD- Defining the quantity 

1 


q := 


- 1 V 


7y z 


the condition m is seen to be equivalent to 
(80) [q\ < 0 . 

From m, mi) we have 

1 dp (p + p) dn 
7 1 2 dp n dp 


(81) 


(p + p) dv 
v dp 


Hence, in view of (ED and v = 1 /n, q is given by 
(82) 

We then obtain 
(83) 

up 

In view of the fact that by (1751) js] = 0([p] 3 ), we obtain 

( dv 


h dV 2 
q = -h- - v . 

dp 


dq d 2 v dv 

dp dp 2 V dp' 


(84) 


M = - h. 


d 2 i 


+ 3v- - 


s dp 2 J _ \dp 

Therefore, the condition (15U1) is equivalent for suitably small [p] to 


t P\ + 0 ([ P ] 2 ). 


(85) 


d 2 i 


h - [ .d?). +3v - U)_r l>0 ' 


dv 


provided that the quantity in the curly bracket is non-zero. This together with (1781) is equivalent 
to (l72l) . We have therefore established, for suitably small [p], the equivalence of the determinism 
condition El to the entropy condition (1771) . 

Remark 1 . We will impose the determinism condition in the shock development problem and 
we will see that this condition is necessary for the solution to be uniquely determined by the 
data (see the formulation of the shock development problem together with the description of 
the boundary of the maximal development below). 

Remark 2. By (1551) . the sign of the coefficient of [p] in (1551) is the same as the sign of [p]. Let 
now E be defined by 

1 — h 2 Yi = rj 2 . 

can be related to (dYi/dh)- if the state ahead of the shock is 
isentropic, as will be the case under consideration. From (1291) we have 

(i dT,/dp) s 1 ( d"E\ 

v 


( 86 ) 

The coefficient of [p] in 


(87) 


/ dE 
[dh 


( dh/dp ) 

where we use the subscript s to indicate isentropy. Hence 


d Pj s' 


( 88 ) 

By (l29l) we have 
(89) 

which implies 


h z I dT, 

vh 1 dh 


/dq 2 \ 2v 2 

= -t *) 


dh\ 
dn) . 


hr] 2 

n 


h (dv\ 





12 


D. CHRISTODOULOU AND A. LISIBACH 


Substituting (15(11) and its derivative with respect to p at constant s in (1881) we obtain 


(91) 


v 3 h 2 f(E 


>r 


= 1 = 3 , 1 ? 


dh 


dp 


d 2 v 

dp 2 


Therefore, if the state ahead is isentropic, the quantity in the curly bracket in (1851) is 


(92) 



v 3 _h 2 _ /d£\ 
r ]i \dh) _ 


We conclude that the jump in pressure [p\ behind the shock is > 0 or < 0 according as to 
whether (d£/d/i)_ is < 0 or > 0, at least for suitably small [p\. 


2.4. Barotropic Fluids. In the barotropic case p = f{p) is an increasing function of p. There¬ 
fore, 

(93) n ^=p + p 

is a function of p, which implies that for a barotropic perfect fluid, p, and hence also p, is a 
function of the product a := nm, where m is a function of s alone. In fact 

(M) " = "»>(«) = «P (/ 

and it satisfies 

(95) ' , + 1‘ = a %- 

The positivity of 8 implies that m is a strictly increasing function. Therefore, we can eliminate 
s in favor of to. HMD becomes 

(96) /V^m = 0. 

We define 


(97) 
where 

(98) h := 

Comparing (IU71) with (E51) we see that 

(99) 

Defining now 

( 100 ) 

we obtain 


t/V := -hup, 

h p + P dp 
to a da 

Pft = mip fj,. 

:= dip, 


(101) u> = mCl + dm A ip. 
From the second of J|]) we have 

(102) Ods = hdm. 
Therefore 


(103) i u uj = miu^l — {ip ■ u)dm = mi u Q — Ods, 
which implies through (1571) 

(104) i u n = 0. 

From the particle conservation (1551) and the adiabatic condition (1551) we deduce 

(105) V /i (azi' i ) = mV M (nu' i ) + nzt^V^TO = 0, 
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which, through (19511 . is equivalent to the energy equation ([5]). Therefore, imposing the energy 
equation (11051) as well as the adiabatic condition (1M1) the conservation of particle number follows. 
We conclude that in the barotropic case the system of equations reduces to the system 


(106) 

(107) 

(108) 


V M (a^) = 0 , 
= 0 , 
= 0 . 


The unknowns are u, m and a. Equation (1 10 71) is decoupled from the other two. We may thus 
ignore it and consider only the system consisting of (110611 . (11081) . 

The irrotational barotropic case is characterized by the existence of a function (j) such that 

(109) if) = d<f>, 
which implies 

(110) 9 = 0. 

Therefore, (11081) is identically satisfied. By 19711 . 

(111) i/f-X = -hr]{u,X) > 0 

whenever X is a future-directed timelike vector. Therefore 0 is a time function. By 197f) . (11091) . 

(112) H := h 2 = -(rT 1 )^^. 

From (IM1) 

dH dH dh 2 h dp 2Hrj 2 


da 


( 113 ) 

da dh da 

which implies that a can be expressed as a smooth, strictly increasing function of H , i.e. er = 
a(H). Defining 


(114) 

equation (11061) becomes 


G(H) := 


a[Hl 

Vh’ 


(115) X^(G(H)d^) = 0, 

where H is given by (11121) . Taking into account that (see (l?71) , (liTTl) , 1 1 IBP ) 

(116) {g- l Y v = ( r tY" - Fd^(j>d v (j), 
where 

2 dG 


GdH 1 


Gr'rv^ = o. 


(117) F := 

m3 becomes 

(118) 

We note that 

< 119 » - 1 + HF- 

We also note that in terms of FI and F, the acoustical metric is given by 

F 


v 2 = 


1 


( 120 ) 


9n v — + 


-d,j.<j)d v (j). 


1 + HF 

Since HMD and therefore in the irrotational case uni is equivalent to the energy equation 
, in the barotropic case we only need to consider the energy-momentum jump conditions 18911 . 
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3. Setting the Scene 


3.1. Nonlinear Wave Equation in Spherical Symmetry. We choose spherical coordinates 
(t, r, fy ip). Then 77 = diag(—1,1, r 2 , r 2 sin 2 d) and spherically symmetric solutions cf> = r ) of 
equation (11181) satisfy 

(121) {g^ 1 Y , 'd^d u (j) = --d r </>, f,u = r,t. 

r 

The radial null vectors L± with respect to the acoustical metric satisfy 

(122) g liV L%_L±=0, / j.,u = r,t. 

Using the normalization condition L 1 = 1, we obtain 

(123) 


r _ a , v ± ^ a 

L± — Ot -h —- Or 

1 ± VT] 


where 77 is the sound speed (see (fTT)) ) and v is the fluid spatial velocity given by 

(124) 


U r U r l/y 


Ut i>t ’ 


where we recall = d^cf). Using the null vectors the inverse acoustical metric can be written 
as 

(125) 

From (11161) we have 

(126) 


(g~ X Y V = yy J (Li l ,L u _ + IfyZfy). 


(9~T = -1 - Htf)- 

From (I119D in conjunction with (11121) we see that the assumption fy < 1 is expressed by the 
condition that F > 0. The nonlinear wave equation can be written as 

2 


(127) 




3.2. Riemann Invariants of the Principal Part. Keeping only the principal part of (11271) 
we are left with 

(128) L^L u _d^ v = 0. 

The Riemann invariants are defined to be the functions a(iptiYr), P(i!hiYr) such that 


da 


dp 


= 0, 


(129) 

' '"t'yn t'V'A l 

where l±^ are the basis 1-forms dual to the basis vector fields L±. From (|129p we deduce 


^ +tl dipu. ~ °’ l -»dY 


(130) 


da 


= ZLt 


dipu 


(131) 


L^a = L^—d^ = SL»L v _d,sl> v = 0 , 


(132) Ltd„l3 = L<L^-d^ v = XLtL^d^ = 0, 


dipfj. 

for some functions £, A. Using (11281) we obtain 

da 
dil) v 
dp 
d%l) v 

which shows that (hud is equivalent to the system 

(133) L+a = 0, L_P = 0. 

We now proceed to determine a and p. The basis 1-forms dual to the basis vector fields L± 
satisfy 

(134) 4^ = 1, 4^ = 0, l+uL'L = 0, 1-^ = 1. 
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Therefore 

(135) 4 = 2 ^_ v 2 j [(! ± vr])(r) T v)dt ± (1 - v 2 r] 2 )dr\ . 


Defining the operators 

(136) V ±-Y, l ±»4r 


(I129D becomes 

(137) V+a = 0, U_/3 = 0. 

We introduce the functions h, £ as coordinates in the positive open cone in the plane by 

(138) ipt = frcosht), ip r = h sinh£. 

(For h see AMI) . (11121) 1. Note that by (11241) . 

(139) v = — tanh£. 

We obtain from (11351) . (11381) 

(140) 

Defining then the operators 


T , cosh ( TV sinh C ( r d d 

V± = -=- r/h— ± — 

2rjh V dh d( 


(141) 

(I137D becomes 

(142) 




U+a = 0, U-/3 = 0. 


Let us now define the thermodynamic potential p by 

(143) 


f dh 

P '~ J ph' 


p is defined up to an additional constant. We may fix p by setting it equal to zero in the 
surrounding constant state. Since (11411) takes in terms of p the form 


u = d_+l_ 

± dp ± dC 


(144) 

the solutions of (1 1421) are 

(145) ot = p-(, 13 = p + C, 

up to composition on the left with an arbitrary increasing function. Using 

(146) ( = arctanh () = — arctanh (—- ) = — arctanh (v) = - -log 

\AJ V u / 2 


1 + v 
1 — v 


we see that our expressions a , [3 agree with (5.16) of |Tau48:| where 4> is in the role of p and u 
is in the role of v. a and /3 are the relativistic version of the Riemann invariants introduced in 
lRie59l . 
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3.3. Characteristic System. In analogy to the equivalence of (112811 and (113311 it follows from 
m that m is equivalent to the system 

2£ „ , T „ 2A 


(147) 


L + a = 


-d r (p. 


L-B = 


-d r (j). 


r(l + F(ip t ) 2 ) r{l + F(ip t ) 2 ) 

We now proceed to determine £, A for the choice (114511 of Riemann invariants of the principal 
part. From h 2 = ip 2 — if) 2 we have 

dh _ ipt_ 
dipt h ' 


(148) 

From (114611 we obtain 

(149) 


d( = 

dih h 2 ' 


(150) 

(151) 


with 

(H33D we 

obtain 


da 

dp 

dh 

9C 

1 

1 

-s- 

dh 

dipt 

diPt ' 

" H 

dp _ 

dp 

dh 

+ ^L_ 

1 

dipt 

dh 

dipt 

dip t " 

= H 


+ Vv 


4>t , 

- wi 

v 


Using (1 1301) in the case fi = t and recalling (I123D we deduce from (11501) . (11511) 


(152) 


£ = 


H 


in 

V 


■ Ipr 


A = 


J_ ( ip-, 
H 


- ipi 


The system of equations (114711 becomes 


L + a = 


2 ip r 


rH 


ih 

V 


■ip, 


LR = 


2lpr (Ipt 


rH \ il 


- i>7 


(153) 
where 

(154) H :=(l + F{ip t ) 2 )H. 

Now we introduce characteristic coordinates u , v such that u = const, represents the outgoing 
and v = const, the incoming characteristic curves. Furthermore, as the characteristic speeds we 
set c± := L[ j_. It follows that the space-time coordinates t, r satisfy 


dr dt 

£h~ C+ ~£h = ’ 


(155) 

The system (I153D becomesfl 

f, r o\ da dt T dt 2 V>r (1>t . , 

( 158 ) = ir L + a = 


dv dv 


Defining 

(159) 


A(a,p,r) := 


dv r H 

2ip r 
rH 


V 


dr dt 
~du C ~ ~du = ' 


dp dt L P ^ r 
du du ~ du r H 


tl _ / 

Yt 

it 


v 


■ip, 


B(a,p,r) := 


2 Ipr (4>t 


rH \ V 


- i>, 


the characteristic system (115511 , (115811 becomes 
(160) 


da dt ~ 


dP dt. ~ 


^We use 

(156) 
Similarly 

(157) 


d _ dt d dr d _ dt ( d 1 1 d \ _ dt ( d d \ _ dt 

dv dv dt^ dv dr dv (dt ^ dr J dv \dt + dr J dv + 

— - —L 
du du 
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(161) 


r) r Bt dr Bt 


We note that (11611) is the Hodograph system. 

Remark 3. The characteristic system is invariant under the conformal map 
(162) v^g{v), 

where / and g are increasing functions. 

Remark 4. In view of (I112D . (11191) . (11241) . (11541) we can express A , B in terms of r, the sound 
speed g and the spatial fluid velocity v as 

2 vg ~ 2vg 


(163) 


A = — 


B = — 


r( 1 + vg) ’ r(l — vg) 

3.4. Jump Conditions. Let N be the unit vector normal to /C 

1 


(164) 


N = 


{Vd t + d r 


N' := y/l - V 2 N 


VI- v 2 

where V = V(t, r) is the shock speed. We define 

(165) 

and reformulate (ETiJl) as 

(166) [TH TV' = 0. 
In components these are the two jump conditions 


(167) 

(168) 

which are equivalent to 

(169) 

(170) 

Since 

(171) 

we obtain from 0 


- [T u ] V + [T tr ] = 0, 

- [T rt ] V + [T rr ] = 0, 


V = 


[T‘ 


[T tt ] ’ 

0 = [T tt ] [T rr ] - [T tr ] 2 =: J. 


vr^ 




(172) 


rj-itt _ 


P+P 


~P, 


,tr _ (P + P)V 


rj-itr _ 


1 — v 2 


rj-irr _ 


(p + p)v 2 

1 — V 2 


1 — V 2 

Using (see ©, ([Ml): (HU, (El, El) 

(173) p + p = ah = GH = G{ip 2 - Vr) = 1 - v 2 ) 

the components of the energy-momentum-stress tensor become 

(174) T u = Gil> 2 - p, T tr = G^ 2 v, T rr = G$v 2 + p. 

Let 

7 := log h- p. 


(175) 

(11381) become 

(176) 

Using (see (11431) 1 

(177) 


V t = y(e /3 + e“), 


i’r = y(e /3 - e“). 


dg 1 dh 

IF = T~F - 1=r )~ 1 ’ 

dp h dp 


P- 
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we get 
(178) 


dipt ipt, . x 

= T (n + v) ’ 


9 A 4>t , x 


<9VV 1pt n , x 


Ipt n x 


Now (see (11171) . (11191) . (11431) . (11451) ) 


(179) 

And similarly 

(180) 

From 111 131) . (11431) . (11451) we have 


dG _ dG dH dp 
da dH dp da 

= \GFHr, 

= ^( 1 -, 2 ). 

2if ' ’ 


dG G 2 


(181) 

And similarly 
(182) 

From (11241) together with (11781) we obtain 
(183) 


dp dp dH dp 

da dH dp da 
1 


= p(l-v 2 ). 


dp 1 ^ / 2 /i 2\ 


dv 1 n 2 x 
^ = 2 (l - V >’ 


3V 1 11 2 \ 


Using (I178D . (11791) . (1 1801) . (I181D . (11821) . (11831) to compute the partial derivatives of the compo¬ 
nents of T, given by (I174D . we arrive at 


(184) 

(185) 


dT u Gip\ 


2 r/ 


da 


dT u Gipt 


(1 + vri) 2 


{l-vrif 


dT tr _ Gip : 
da 
dT tr 


2p 

Gtf 


{v + 77 ) (1 + vr}), 
1 {v ~ ??)(! - vrj), 


d/3 21] ’ d/3 21] 

Let us denote c± := L r ± (see (11231) ). From (11841) we have 

1 dT rr 


Qrprr 

da 

Qrprr 

d/3 


Gip-, 


2p 

Gi A 2 

2 1] 


(v + rf) 2 , 

t ( v-V ) 2 - 


(186) 

while from (11851) we have 

(187) 

Let us define 

(188) 

We note that with E defined by 

(189) 
we have 

(190) 


g T tr Q T tt 

= c+- 


da 

dT tr 

~d/3 


= C_- 


da 

dT u 

~w 


c+ da 

1 dT rr 

c- d/3 


d V , * 2 

P ■= -JZ + 1 - V ■ 
dp 


1 - h 2 E = rf, 


E = m 2 E, 
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where £ is given by (15H1). So 


(191) 

/d£\ 

\dh) 

and 


(192) 

dt 

dh 


We have the following proposition: 

Proposition 3.1. 

J(a + ,a_,/3+,/3_) = (Gtf( 1 - v 2 )) 2 j [a] [/3] + 
(193) 


1 

m 3 dh 

2 

— UL. 

h 3 




O 


192t7 
2 


‘) 


([a] 2 [3]) + O ([a] [fl 2 ) + O ([o] 5 ) + O ([/f] 5 ) , 


where the coefficients on the right are evaluated at (a_,/3_). 

Proof. We prove the Proposition by showing the following statements: 
(i) J is symmetric under the interchange of a and /3. 


(ii) 




dJ 

da + 

d 2 J 

da\ 

d 3 J 

da\ 


(a_,a_,/3_,/3_) 

(a_,a_,/3_,/3_) 

(a_,a_,/3_,/3_) 


(194) 
(hi) 

(195) 
(iv) 

(196) 


= 0 . 


d 2 J 


da + d/3 + 
d 4 J 


(a_,a_,/3_,/3_) = (Gip?( 1 - w 2 )) 2 (a-,/?-)■ 


da% 


(a-,a-,/3 _,/?_) = 


(l-^)V 


V & 1 ! 2 

To check (i) we note that p and p 1 like all thermodynamic variables, are functions of p = 
i (a + f3), therefore symmetric under the interchange of a and /3. On the other hand v = 
—ifr/'f’t = — tarih C, and C, = ^(/3 — a), therefore v is antisymmetric under the interchange of a 
and /3. It follows from (11701) (I172D that J is symmetric under the interchange of a and (3. 

Since J is quadratic in the differences of components of T, the first two of (ii) are satisfied. 
Let 

2 


(197) 


A := 


dpft dTf r /«9Tf\ 


da+ da+ 

(Where the notation dT+ v /da + = /dot)(a + , /3+) is used). Now, (11841) implies 

(198) A = 0. 

Therefore 

d 2 T rr Q2 T tr 


(199) 


d 2 J _ d 2 n [T r 


da\ 


da\ 


[T 4 ' 


da\ 


-2 


da\ 


[ T i 
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which implies 

( 200 ) 

From (11991) we get 

( 201 ) 


d 2 J 

— T (a-,a-,/3-,/3-) = 0 . 


da 


+ 


a ' 3 J - a3T “ n +in - 2 S- [^ rl 


da\ da\ 


da+ 


da\ 


dA 

da+ 


wliich, in conjunction with (11981) . implies 

d 3 J 


( 202 ) 


da\ 


(203) 


Now we turn to (iii). We have 
d 2 J 


(a_,a_,/3_,/3_) = 


da + d/3 + 

Using (1 1 8-lf) . (11851) we deduce 

d 2 J 

(204) 


(a_,a_,/?_,/?_) = 0. 


jArj-itt fArj-irr f) r J~' rr OT^ OT^ 

- 2 - 


da + d/3 + 

Now we turn to (iv). From (I201D we obtain 
(205) 


da d/3 d/3 da da d/3 

(a_,a_,/?_,/?_) = (Gip 2 { 1 - v 2 )) 2 (a_,/3_). 


(a_,/ 3 ~). 


d 4 J _ d A J ** 
da\ da+ 
From 
(206) 


[T rr ] + 


Q3 T tt Q T rr grptt Q3 T rr 


da 3 , da + da + da 3 . 


[T* 


q4l rprr rptr 


da\ 


- 2 - 


+ ^ T tr j _ 2 


da + 


d 3 Tf dT+ 
da 3 , da + ' 


d 2 A d 3 T+ dTV r dTL r d 3 TL r dT? <9 3 T* r (d 2 T" d 2 Tl r (d 2 T? 


0 : “ - = _±_±_ J _±_± 2 — _ — 

da+ da\ da + da + da\ "da + da\ 

we deduce 


( d 2 Tf d 2 TY r fd 2 Ti r \ 2 \ 

+ 2 da 2 + da + ~ V 9a\ J )’ 


(207) 
where 

(208) 


d 4 J 

da% 


(a_,a_,/?_,/3_) = -2£, 


E := 


Q2 T tt Q‘2 T rr / Q 2 T% 


da+ da\ \ da 2 . 


(209) 


To proceed we need expressions for the second derivatives of the components of T. Using 

dr\ 1 dp 
da 2 dp 1 

together with (11791) . the first of (11831) and the first of (11781) . it follows from (11841) by a straight¬ 
forward computation 

1,2 \ 2 


( 210 ) 


E = - 


GTt 


4?? 2 


2/i 2\2 2 

V (1 - V ) n , 


with /j given by (11881) . Therefore 
d 4 J 


( 211 ) 


da\ 


(a_,a_,/3_,/3_) = 


((G^t) 2 


V 8 v 2 


(l-OV )(a-,P-). 


This concludes the proof of the proposition. 
We will use the following proposition. 


□ 
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Proposition 3.2. Any smooth function f(x , y) can be written as 
( 212 ) f(x, y ) = f(x, 0 ) + /( 0 , y) - /( 0 , 0 ) + zy<?(x, y), 

where 

d 2 f 


(213) 


9 '■= 


dxdy 


and g(x,y) is the mean value of g in the rectangle R(x,y) '■= {{x',y') € 

y' < y}- 


0 < x' < x, 0 < 
□ 


Proof. Integrating (I213D on the rectangle R(x,y) yields the result. 

We now consider J(a+, a_,/?+,/3_) as a function of [a], [/3] with given a_, j3 _ We denote 

this function again by J. Using propositions l3.il 13.21 we can write 

(214) 

J ([a] ,m= 1 - v 2 )) 2 | [a] [/3] M ([a], [/3]) + ^ ([a ] 4 L ([a]) + [/3] 4 N ([/?])) 

where the coefficients are evaluated at (a_,/3_). Here M, L and N are smooth functions of 
their arguments and M(0, 0) = L( 0) = N(0) = 1. 

Proposition 3.3. Let f(x,y) be a smooth function on R 2 of the form 

(215) f(x, y) = xym(x , y) + x A l(x) + y A n{y), 

with m(0, 0) = 1, where m, l, n are smooth functions. For small enough x, the equation 

(216) f(x,y) = 0 

has a unique solution for y, given by 

(217) y = x 3 g(x), 
where g(x) is a smooth function and g( 0 ) = — 1(0). 

Proof. Setting y = x 3 z, (G® becomes 

(218) h(x,z)= 0 , 
where 

(219) h(x, z) ■.= zm(x , x 3 z) + l(x) + x s z 4 n(x 3 z). 

Since m(0,0) = 1, the pair (£ 0 ,- 0 ) : = (0, — 1(0)) satisfies (I218D . Now, since 


( 220 ) 


dh 

— (x 0 ,z 0 ) = m( 0 , 0 ) = 1 , 


we can apply the implicit function theorem to deduce that there exists a smooth function g[x) 
such that for small enough x — Xq we have z = g(x) with g( 0 ) = ^o- It follows that for small 
enough x, f(x , y) = 0 has a solution 

( 221 ) y = x 3 z = x 3 g(x), with g( 0 ) = — 1 ( 0 ). 

□ 


Applying this proposition to J ([a], [/?]) = 0 and taking into account (12141) it follows that 
there is a smooth function G ([a]) such that 

(222) [/3 ] = [a] 3 G([n]), with 0(0) = -^. 

We recall that above we considered J(a_|_,a_,/3+,/3_) as a function of [a], [/3] with given a_, 
13-. In the following we will make use of ( 1 ^ 1 ) in the form (with a different function G) 

(223) \/3} = [a} 3 G(a + ,a-,(3-). 
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3.5. Boundary of the Maximal Development. Let initial data be given on a spacelike hy- 
persurface which coincides with the initial data of a constant state outside a bounded domain. 
According to [Chr07[ the boundary of the domain of the maximal solution consists of a regular 
part C and a singular part d-BUB. Each component of d-B is a smooth, space-like (w.r.t. the 
acoustical metric), 2-dimensional submanifold, while the corresponding component of B is a 
smooth embedded 3-dimensional submanifold ruled by curves of vanishing arc length (w.r.t. the 
acoustical metric), having past end points on the component of d-B. The corresponding com¬ 
ponent of C_ is the incoming null (w.r.t. the acoustical metric) hypersurface associated to the 
component of d-B. It is ruled by incoming null geodesics of the acoustical metric with past end 
points on the component of d-B. The result of | Chr07 ] holds for a general equation of state. 

In the following we will restrict ourselves to the barotropic case. We also assume the initial 
data to be spherically symmetric. Therefore, also the solution is spherically symmetric and it 
suffices to study the problem in the t-r-plane, where t , r are part of the standard spherical 
coordinates (f, r, $, ip). 

In the f-r-plane the boundary of the maximal development corresponds to a curve consisting 
of a regular part C_ and a singular part d-BUB. Each component of B corresponds to a smooth 
curve of vanishing arc length with respect to the induced acoustical metric, having as its past 
end point the point corresponding to d-B. The corresponding component of C_ corresponds in 
the f-r-plane to an incoming null geodesic with respect to the induced acoustical metric with 
past end point being the point corresponding to d-B. We denote this point by O. See figure [5] 
on the right. 

In the following we will use (f, w) as the acoustical coordinates (in contrast to ( Tn () 7 . where 
( t,u ) are playing the corresponding roles). We recall that the level sets of w are the outgoing 
characteristic hypersurfaces with respect to the acoustical metric. The solution in the maximal 
development is a smooth solution with respect to the acoustical coordinates. In terms of these 
coordinates the solution also extends smoothly to the boundary. We recall the function p which 
plays a central role in |Chr07| . given by 


(224) - = -{g-^d^w. 

(See (2.13) of |Chr07| h p vanishes on the singular part of the boundary. On the other hand, 
/i is positive on the regular part C_ and the solution extends smoothly to this part also in the 
( t , r) coordinates. 

We now show that 

dr 

(225) "“-’’as- 

We use the vector field T, given in acoustical coordinates by (cf. (2.31) of (ChrOTj) 


(226) 

We have 

(227) 

Therefore 


T := 


d_ 

dw' 


dr dt 

Tr = ——, Tt = —— = 0. 

dw dw 


(228) 


T = 

dw dr 


Now we use the function n as defined by (2.24) of [ Chr07j 


(229) 


K:=g{T,T) = g rr (T r f > 0. 


So 

(230) 


dr 

dw 


K 


\/ 9rr 


< 0 . 

















SHOCK DEVELOPMENT IN SPHERICAL SYMMETRY 


23 


The minus sign appears due to the initial condition 

(231) r(0, w) = — w + k, 

where k is a positive constant (see page 39 of [Chr07n . We now recall the function a (see (2.41) 
of IChr07l l 

( 232 ) 4 = ~{9~ 1 Y v ^td v t 

cr 

and the relation (see (2.48) of [ Chr07] ) 

(233) /i = an. 

Since (see (11161) ') 


(234) 


(g -!)“ 1 + F(W 


and (see (11191) . (11201) 1 

(235) g rr = l + F V 2 (d r c/>) 2 , 


we obtain 


(236) 


2 2 
a g rr = r). 


Together with (12331) we arrive at 


(237) 



g rr a 2 g rr 


which, in conjunction with (I230D . implies (12251) . 


g 

V 


2 

2 ’ 


Remark 5. The acoustical metric h as introduced in | : Chr07j coincides with g^, but quan¬ 
tities such as <j>, /?, F used in |Chr07 ] do not coincide with the quantities denoted in the same 
way which were introduced in the present work. Making a distinction by putting a tilde on the 
quantities from }Chr07| we have for example 

(238) /3 m = mPp, 

where $ is introduced in (1.44) of [Chr07j . while /3 is the one form defined in (I28fl . For m see 
(1M1) . Therefore, despite the fact that the wave equations of the present work and }Chr07] have 
the same form, the physical meaning of the wave function is different. Nevertheless, functions 
such as a, n, g and relations thereof such as (12331) are related only to the Lorentzian geometry 
given by the acoustical metric and can therefore be used in the present context as well. 


In the following we restrict ourselves to one component of and the corresponding 

component of C_ with past end point d-B which we denote by O. Now, the function /i vanishes 
on OUB. From (I225D together with 77 > 0, it follows that dr/dw vanishes on OUB. In particular 


(239) 



= 0 , 


where the index 0 denotes evaluation at the cusp point O. Let the singular part of the boundary 
of the maximal solution be given by t = t*(w) and let us set wq = 0, to = 0 , i.e. the cusp point 
O is the origin of the acoustical coordinate system. In spherical symmetry, the results at the 
end of Chapter 15 of Cln07 translate into 


(240) 


t*(w) =t 0 + -ciw 2 + 0(w 3 ), 


( 241 ) 


f d 2 n/dw 2 
\ dn/dt 


> 0 . 
0 
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Using (12251) and (12391) we obtain 

(242) 

where we defined 

(243) 

From Chapter 15 of |Chr07] we have 

(244) 


dfi 


dt) 0 = -' ,oK ' 


= / &r_\ 

' \ dwdt) 0 ' 


9/i 

~dt 


< 0 . 


It follows that k > 0. Since n{t*{w),w ) = 0, we obtain 


<-> (£ 

which, using (12401) . implies 

(246) 

Taking the partial derivative of 

(247) 


dfi 

~di 


dt* 

dw 


I'll = 0. 


dfi 

dw 


= 0 , 


dw 

with respect to w and evaluating at the cusp point yields 
/ d 2 r \ 


l dw 2 ). 


= 0 , 


where we used (12391) . Taking the second partial derivative of 
evaluating at the cusp point we obtain 

??oA 


with respect to w and 


(248) 

where we defined 

(249) 

From Chapter 15 of |Chr07| we have 

(250) 


d^jj_\ 

dw 2 J, 




(d^\ 

l dw 2 ), 


> 0 , 


which implies that A > 0. From (12401) . (I241L (12421) . (12481) we deduce that B, i.e. the singular 
part of the boundary of the maximal development, is given in a neighborhood of the cusp point 

by 

(251) t*{w) = t 0 + + 0(w 3 ). 

In the following we will also make use of the definition 

(252) 




We summarize the behavior of the radial coordinate at the cusp point. 


(253) 


dr A / d 2 r A 

dw) a \ dw 2 J o 


d 3 r 


dw 3 \ 


< 0 , 


/ d 2 r \ 
\ dwdt J, 


> 0 . 


We made the definitions 

<-> *-(Se), 


A := —k 


d 3 r 

d ^ 


The boundary of the domain of the maximal solution close to a cusp point is shown in Figure [5] 
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t t 




Figure 5. Left: Part of the maximal development in acoustical coordinates. 
Right: Part of the maximal development as a subset of spacetime. C_ denotes 
the incoming characteristic originating at the cusp point O while B denotes the 
singular part of the boundary of the maximal development. Both figures show 
the maximal development just in a neighborhood of a cusp point. 


3.5.1. Behavior of a and (3 at the Cusp Point. In |Chr07| the null vector fields L, L are used. 
In the t-r-plane they are given in terms of acoustical coordinates by (see page 933 of |Chr07] ') 


(255) 

Therefore, 

(256) 


L = 


d_ 

dt' 


L+ = L = —, 
+ dt' 


p d d 
— of 2 dt + dw 


L a 2 ^ d 2a 2 d 

p ~ dt p dw 


Now, since the solution is smooth with respect to the acoustical coordinates (t, w) and the 
Riemann invariants are given smooth functions of we have 


(257) 


(L+a ) 0 < oo, (L+/3 ) 0 < °o. 


Remark 6. We note that in (12551) . (12561) (and also in (12611) and in the second line of (12641) 
below) a refers to the quantity given by (12321) as in |Chr07| . However in (12571) and everywhere 
else in the present work a denotes the Riemann invariant defined by the first of (11451) . Also in 
(125911 . (I260D . (12641) below k denotes, as in | Chr07 ), the inverse spatial density of the outgoing 
characteristic hypersurfaces, defined in (12291) while everywhere else in the present work it denotes 
the quantity defined in (12431) . 


Now we look at the partial derivative of a and /? with respect to w. From the second of (11301) 

(258) £ = = 

Let us now use the vector field T, collinear and in the same sense as T and of unit magnitude 
with respect to the acoustical metric (see (2.57) of |j Chr07| l 

(259) f = k~ x T. 

Using now X^Yip^ = (recall that = d^cp), we deduce from (12581) 


(260) 


dd_ 

dw 


= nf, 


where / is a smooth function of (t,w). Therefore, in conjunction with (12331) . 

dp „ , <9/3 
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which implies 
(262) 

Now, 

(263) 


( L -P)o < 00 • 


where we used the first of (11301) . Using again the vector field T we get 

da 


dw 




(264) 


= fT" k 


dt 


2a 


d'*/V 

dw 


where we used (12331) . Substituting this in we see that (L_a) 0 blows up. 
We note that from (12601) together with (I246D and the relation (I233D we have 


(265) 

while from (12641) we have 

(266) 


d/3 

dw 


= 0, 


da 

dw 


d 2 (3 

dw 2 


= 0, 


< oo. 


3.5.2. Incoming Characteristic Originating at the Cusp Point. Let in acoustical coordinates C_ 
be given by w = w(t). Setting r(t) = r(t,w(t )), we obtain 

d 


(267) 
Since 

(268) 
we have 
(269) 


dt 


r(t) = c-(t,w(t)). 


dr dr dr dw 
dt dt dw dt ’ 


dw 

dt 


Therefore, the inverse function t(w) satisfies 
(270) ^ = 

Using (|253p we deduce 


c_ — c+ 

d r 
dw 


_ dr 

dw 

C+ — C 


(271) 


#■' =<>• 

dw 


Taking the derivative of (12701) with respect to w we obtain from (I253D , in view of (I271D , that 


(272) 


( d 2 t \ 

[d^ 2 ) = °' 


Taking a second derivative of (12701) and using (12531) . (12541) yields 

( d 3 t\ _ A 


(273) 


\ dw 3 J, 


0 ^(^+0 C _ o ) 

Taking the third derivative of (12701) and evaluating the result at the cusp point yields, in con¬ 
junction with the above results 

A(4 k - 31) £ 


( 274 ) 


/ d 4 t 
V dw A 


c(c+o - C_o) 2 k(c + 0 - C_o) ’ 
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where we used the definition (125211 and we defined 

( dc- 


(275) 


l := 


V dw 


We conclude from (12711) . (12721) . (127.31) and (12741) that 


A 


A(4k- 3Z) 


(276) t(w) =t 0 + . , 

k(c +0 -c_o) 6 \k(c +0 -c_ 0 ) 2 k(c +0 -c_ 0 ) 

The function a along C_ is given by 

(277) a(w) = a(t(w), w). 

Taking into account (1271D . (12721) we obtain 

da 




(278) 


dw 

-2 


da 

dw 


f d 2 a\ 

\ dw 2 ), 


d 2 a\ 

dw 2 ), 


( da 

“° := 


ag := 


1 


(279) 

Defining 

(280) 

we have 
(281) 

For the function (3 along C_ given by 

(282) j3(w) = P(t(w),w), 
we find, taking into account (12651) . 

(283) P{w) = do + 0(w 3 ). 
Now, since 


d 2 


a 


dw 2 


a(w) = ag + dow + -do^ 2 + 0(w 3 ). 


(284) 


dr 

c+(a(w), P{w)) = —(t{w),w) 


applying d/dw to this, evaluating at w = 0 and using (124311 . (12651) . (I271D and (12781) we obtain 

' dc + ’ 


(285) 


da 


CkQ = K. 


3.6. Shock Development Problem. The notion of maximal development of the initial data 
is reasonable from the mathematical point of view and also the correct notion from the physical 
point of view up to C U d-B. However, it is not the correct notion from the physical point of 
view up to B. Let us consider a given component of B which we again denote by B. Its past end 
point we denote by O (this corresponds to d-B). We also consider the corresponding component 
of C, i.e. the incoming null curve originating at O which we again denote by C_ (see figure [S] on 
the right). 

The shock development problem is the following: 

Find a timelike curve /C in the t-r plane, lying in the past of B and originating at O, together 
with a solution of the equations of motion in the domain in Minkowski spacetime bounded in 
the past by /C and C_, such that the data induced by this solution on C coincides with the data 
induced by the prior maximal solution, while across JC the new solution displays jumps relative 
to the prior maximal solution, jumps which satisfy the jump conditions. The past of /C, where 
the prior maximal solution holds, is called the state ahead, and the future of /C, where the new 
solution holds, is called the state behind (see !2.3l) . K, is to be space-like relative to the acoustical 
metric induced by the maximal solution and time-like relative to the new solution which holds 
in the future of K.. The requirement in the last sentence is the determinism condition. 
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Let T e be the subset bounded by C_. K. and the outgoing characteristic originating at the point 
on C_ with acoustical coordinate w = e > 0. In T e we use characteristic coordinates. We first 
shift the origin of the (t,w) coordinate plane so that the cusp point O has coordinates (0,0). 
We then assign to a point in T e the coordinates (u, v) if it lies on the outgoing characteristic 
which intersects C_ at the point w = u and on the incoming characteristic which intersects /C 
at the point where the outgoing characteristic through the point w = v on C_ intersects 1C. It 
follows that (see figure [6]) 

(286) T e = { (u, v) € ffi 2 : 0 < v < u < e} . 


K. : u = v 



Figure 6. The domain T e . 

Remark 7. We note that to set up the characteristic coordinates in this way we have to a priori 
assume that the solution is smooth in these coordinates. This is shown to be true below. 

In the following we will denote a, 0 and r corresponding to the solution in the maximal 
development by a*, 0* and r* to distinguish them from a, /3, r which we use in referring to 
the solution in T e . The quantities corresponding to the prior maximal solution are expressed in 
(t,w) coordinates. The solution in T e has to satisfy the characteristic system (see (1 16011 . (116111 ) 

(287) d £ = ^a, M 

( 28 S) £ = f^)’ 

together with initial data (for t see (12761) ) 

(289) t(u, 0) = h(u) := t(u), 

(290) a(u, 0) = a*(h(u), u) =: ai(u) 
and 

(291) r(0,0) =r*(0,0) =: r 0 , 

(292) 0(0,0) = £*(0,0) =:&. 

The system consisting of the second of (128711 and the second of (128811 together with (129111 , (12921) 
constitutes, at v = 0, a system of ordinary differential equations for 0 and r. Hence the above 
conditions on 0 and r at O imply that the data for 0 and r along C_ coincide with the data 
induced by the prior maximal solution. 

Let 

(293) f(v) := t(v,v), g(v) := r(v, v) - r 0 . 

Condition (I170D is 

(294) J(a-(v), a+(v), ft + (v)) = 0, 

where 

(295) 


d/3 dt ~ 


dr 

du 


dt_ 

du 


-(a, 0), 


a+(v) = a(v, v), 0+(u) = 0(u, v), 
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the right hand sides given by the solution in T e and 

(296) a-(v) = a*(f(v),z{v)), z(v)), 

the right hand sides given by the solution in the maximal development, where z(v) is the solution 
of the identification equation 

(297) g(v)+r 0 = r*(f(v),z(v)), 


identifying the radial coordinate of points on K, coming from the solution in the maximal devel¬ 
opment and from the solution in T e . Condition (116911 is 


(298) 


V(v) 


[T tr (v )] 

[T u (v )}' 


f(v) and g(v) have to satisfy 


< 2 ") I ^ = fw- 

We restate the free boundary problem as follows. 


For small enough e find in T e a solution of (I2H71) . (EHHD which attains along C_ the given data 
and along 1C satisfies (12941) . (12991) . where V{v) is given by (12981) and z(v) is given by (12971) . 


We solve the problem using an iteration whose strategy is the following. We start with 
approximate solutions z m (v), /3 +im (v), V m (v). Then we solve the characteristic system (12871) . 
(I288D with (a m +i, j3 m +i, t m +i, r m +i) in the role of (a, (3, t , r) with initial data t m +i{u, 0) = h(u), 
ocm+i{u, 0) = ai(u) (on C_), boundary data /3 m +i(v,v) = /3+ iJn (v) (on 1C) and r(0,0) = ro 
together with the requirement that 


(300) 


dfm+i , \ T/ . , s. dg m +i . . 

-(v)V m (v) = ^ (v), 


dv 


where 


(301) fm+i{v) := t m +i(v,v), g m+1 (v) := r m+1 (v,v) - r 0 . 

We then substitute / m +i(u), g m +i(v) for f(v), g(v), respectively, in the identification equation 
(12971) and solve for z in terms of v. The solution we define to be z m + i(v). Using now z m +i(v), 
fm+i(v) we obtain through (12961) a_ im+ i(u), /3_ im+ i(u). We then use these together with 
a+, m+ i(v) to solve (12941) for /3+(v) which we define to be f3 +yTn+ i(v). Note that /3 m+ i(v,v) = 
P+.m{v) but a m +i(v,v) = a+ t m+i(v)- We then define V m +i(v) by (12981) where the jumps on 
the right hand side correspond to a± )m +i(u), /3±, m +i(v). We summarize the strategy as follows 

(302) 

Zm i i a m +i, f3m-\- 1 5 ^m-j-1 ; ^ m+1 t fm+1 ^ 9m+ 1 ; Q^+.m+l t f , Urrt-f- 1 • 

In the following we shall call the triplet (z m , f3+, m , V m ), which are functions on the boundary 
/C, boundary functions corresponding to the m’th iterate. 

We make the following crucial observation. Let 

(303) F(v, z) := g(v) + r 0 - r*(f(v), z). 

Since (see (12391) 1 



it is not possible to directly solve the identification equation (12971) for z in our iteration scheme. 
We will use leading order expansions of g(v), f(v), z(y) in the identification equation to arrive, 
through a cancellation, at a reduced identification equation which can then be solved for the 
remainder function of z(v). 
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4. Solution of the Fixed Boundary Problem 

The characteristic system being nonlinear we use an iteration. In the first subsection we set 
up the iteration scheme and establish the inductive step. In the second subsection we show 
convergence. 


4.1. Setup of Iteration Scheme and Inductive Step. The goal is to find a solution of the 
system of equations 


(305) 

(306) 


da 

^-A(a,/3,r), 

d(3 

dv 

du 

dr 

dt 

dr 

dv 

— c + {a,P), 

du 


= ^-B(a./3,r)> 

= 7r-c-(a,/3), 


together with initial data a(u , 0) = ai(u) (on C_), boundary data f3(v, v) = jd+(v) (on 1C), initial 
data t{u, 0) = h{u ) (on C_) and r(0,0) = ro, together with the requirement that for a given 
function V ( v ) the equation 


d f f x dg 
— {v)V(v) = —(v), 
dv dv 


(307) 

is to be satisfied, where 

(308) f(v) '■= t(v,v), g{v) := r(v,v) - r 0 , 
and the requirement that t is a time function, i.e. 

(309) 

/(0) = <?(0) = 0. For the initial data of t along C we 


dtdt 

—>0 for u,v> 0. 
au ov 


Since we set to = 0 we obtain from 
assume (see (127611 1 


(310) 


t(u, 0) = h(u) = u 3 h(u), h £ C 1 ) 0, e], h(0) = 


A 


6k(c + 0 - c_ 0 )' 


For the initial data of a along C_ we assume (see (128111 ) 


= 0{v), V{v) = c+o + ^(1 + y{v))v + 0(v 2 ), 
av 2 


(311) a(u,0) = ai(u) = cto + aou + u 2 ai(u), an £ C ,1 [0,e], di(0) =-do- 

Furthermore, we assume 0+(v) £ C 1 [0,£], V(v) £ C°[0,e] and 

(312) 

where y £ C 1 [0, e] is a given function with 

(313) 2/(0) = -1. 

We define 

dy 


(314) 


Y := sup 

[0,e] 


dv 


The solution is to be found in a domain T e for small enough e, where 
(315) T e := {(m, v) £ R 2 : 0 < v < u < e} . 

Taking the derivative of the first of (13061) with respect to u and of the second of (130611 with 
respect to v and subtracting yields 


(316) 
Defining 

(317) 


(c+ - c_) 


d 2 t dc + dt dc- dt 


= 0 . 


n := 


dudv du dv dv du 

1 dc + 1 dc- 

c+ — c_ dv 


c+ — c_ du 1 
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equation (131611 becomes 
(318) 


d 2 t dt dt 
dudv + 11 dv ~ = ' 


Using (I306D equation (I307D becomes 

(319) 

where we use the definitions 

(320) 
where 


/ \ . dt 
a ( v ) ■= 


*0) = ~n; b ( v ) 

1\V) 


K y ) : = ^Ay,v), 


iW) : = 


c+(v) -V(v) 

U(u) — C-(v ) : 


(321) c±[y) := c±{a+(v), P+(v)). 

Let us recall that in acoustical coordinates (t,w), the boundary of the singular part of the 
maximal development B is given by i*( w) (see (12511) '). We have 

bit* 


(322) 


dw 


= 0. 


Since we are looking for a solution in which the shock K, lies in the past of B we should have 

'df 


(323) 


dv 


= 0, 


where f(y) = t(v,v) describes the shock curve 1C. By this assumption together with (13101) we 
get 


(324) 


K < o . o )=°. 


From the first of (13121) together with the second of (13051) in conjunction with (13101) we obtain 

dB 


(325) 


dv 


( 0 , 0 ) = 0 . 


(326) 


Taking the derivative of the second of 
<9 2 /3 d 2 t 


with respect to v we find 


dudv dudv 


B 


dt dB dt - dB d/3 dB dt 
du l da dv d(3 dv dr ° + dv 


where we also used the first of 
obtain 

(327) 

Using this in (13161) we get 
d 2 t 


together with the first of 


dc- dc- dt r dc _ <9/3 
dv da dv <9/3 dv 


. Using the first of 


we 


1 f dc + dt dt (dc- dt ~ dc- d/3 
1 + 1 A-' 


dudv c+ — C- du dv du ^ da dv 
Using this for the first term in (I326D we get 

<9 2 /? 1 


<9/3 dv 


dudv 


(329) 
Along C 

(330) 


<9c + dt dt / dc- dt ^ dc- d/3 

c+ — c_ ( du dv du \ da dv d/3 dv 

dt (dB dt 


B 


_ _- dB_dp dB dt_ 

du \ da dv d/3 dv dr ° + dv 


, (13291) build a system of the form 


_ d/3/di 
du l dt/dv 


a li a, 12 

a 21 a, 22 


d/3/dv 

dt/dv 


for v = 0. 
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Together with the initial conditions given by (132411 . (132511 . we arrive at 


(331) 

Hence, we expect 

(332) 


dt 33 

-(.,()) = 0, 0) = 0. 


^(u,v) = 0(v), ^(u,v) = 0(v). 


Therefore, we base our iteration scheme with this expectation in mind. 

We construct a solution of the fixed boundary problem as the limit of a sequence of functions 
((a n , p n , t n , r„); n = 0,1, 2,...). Given (a n ,p n ) we find (a n +i,Pn+i) in the following way. We 
set 


(333) 


dc. 


I^n — 


+n 


dc- r , 


— C-n du 


e+7 


C-j-n C—n dv 


where 


(334) 


— C=t zipt-m Pn)- 


Let t n be the solution of the linear equation 


(335) 


d 2 t n dt„ dt n 

/^n rj V n „ — 0, 


r\ ry i ry " ry 

ouov ov ou 

together with the initial data on C_ (cf. (13101) 1 and the boundary condition on K, 


(336) 

We then find r n by integrating 


a n {v ) = — —b n (v). 
7 n{v) 


i.e. 


r n (u,v) = r n (u, 0) + J (u,v')dv 


dt n \ 


du 1 


(u',0)du'+ J (c +i „^^ (u,v')dv'. 


(337) = r 0 + / 

Jo 

We then define a„+i and j3 n +i by 

fV pU 

(338) a n +i(u,v) := oti(u) + / A n (u,v')dv\ Pn+i(u, v) := £+(v) + / B n {u',v)du r , 

Jo Jv 


where 

(339) 


dt 


dU 


An •— ~ 2l(o; n , (3 n , r n ), . B(cX ni Pni T n) • 


dv 


du 


We have thus found (a„+i, /3 n +i). 
To initiate the sequence we set 


(340) 


ao(u,u) = ai(u), p 0 (u,v) = P+(v). 


to(u,v) is given by the solution of (133511 (with 0 in the role of n) with fj, o, vq given by (13331) 
(with 0 in the role of n). r${u,v) is then given by (13371) . 

The way we set things up we see that to each pair (a n ,(3 n ) there corresponds a unique 
pair ( t n ,r n ) given by (13351) . (13371) . It therefore suffices to show that the iteration mapping 
maps the respective spaces to itself (by induction) and the convergence only for the sequence 
((a n ,P„);n = 0,1,2,...). Let us denote by (a,/3) the limit of ((a n , p n );n = 0,1,2,...). The 
convergence of (a n ,/3 n ) to (a,/?) will imply the convergence of ( t n ,r n ) to (t,r), where t is the 
solution of (I335D with the coefficients fj,, v given by c±(a,( 3) and r is given by (13371) such that 
when t, r are substituted into the right hand sides of (13511) below, the left hand sides of (13511) 
are a, ft respectively. Therefore this will imply the existence to a solution of the fixed boundary 
problem. 
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The first of (131211 is equivalent to 
(341) 



< Cv. 


We now define 

rv 2 

(342) b 0 := |/3 0 | + 

where the constant C is the constant from (I341D . Therefore, 


(343) 
Let now 


sup |/3+ (n)| < b 0 . 
we[o,£] 


(344) a 0 := sup | or*(v)|. 

ue[o,e] 

Let S > 0 and let Rg be the rectangle given by (see figure [7} 

(345) Rg '.= {(ct, 0) G K“ : |o) < S + ao, |/3| < S + &o}- 


0 





5+ b 0 


Rg 








S H - CLq 


Figure 7. The rectangle Rg. 


We define 

(346) N := max i sup | A(a, 0 r)|, sup | B(a, 0 r)| 1 , 



l ^5 

^6 

where we defined 



(347) 

fig := 

: Rs x [\r 0 , |r 0 ] 

Let 



(348) 


r ■ 2A 

C ° - 3k 2 ’ 

We now choose a constant Nq 

such that 


(349) 


N 0 > C 0 N. 


Defining 

(350) a' n {u,v) := a n (u,v) - ati(u), 0 n (u,v) := j.3 n (u,v) - 0+(v), 

we have 

pV pU 

(351) a' n+1 (u,v) = / A n (u,v')dv\ 0 n+1 (u,v) = / B n (u',v)du'. 

Jo Jv 

Let X be the closed subspace of C 1 (T £ ,H. 2 ) consisting of those functions F = (F-i , iy) which 
satisfy 
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(i) 


(352) 


F 1 (u,0)=0, F 2 (v,v) = 0, 


(ii) 


(353) 


||F||x := max sup 
t £ 


1 dF 1 
u du 


,sup 

T e 


1 dF\ 
v dv 


,sup 

T s 


1 dF 2 
u du 


,sup 

T e 


l dF 2 
v dv 


<N 0 . 


As a preliminary result concerning the linear equation (13351) we have the following proposition. 

Proposition 4.1. Let 

(354) 


fi(u,v) = 

C+O ~ C-0 

(355) 

v{u,v) = 0(v ), 

(356) 

1 _ C+o — C_o 

7(u) 

(357) 
h(u) = 


-(l + r(u,u)), where t(u,v) = 0(u), 


kv 


A 


(l + p(v)), where p{v) = po{v) + 0(y), with po{v) = 


+ 0(i 


\(y( v ) +1) 

1 - h(y(v) + 1)’ 


k(c+o - c_o) 6 

Then, provided we choose e small enough, depending on Y, the solution of the equation 


(358) 

with initial condition 

(359) 

and boundary condition 


d 2 t dt dt 


(360) 


1 


dudv dv du 
t(u, 0) = h(u) 
dt 


dt 


li(v) 

is in C 1 {T e ) and satisfies 


(v) = b(v ), where a(v ) := — (v,v), b(v ) := — (v,v), 

jjy 


(361) 


dt A 


< C(Y)uv, 


dt A(3 u 2 — v 2 ) 

du ’ 6k(c+o — c_o) 


du 


< C(Y)i 


for {u,v) £ T e , where C{Y) are non-negative, non-decreasing, continuous functions ofY. Fur¬ 
thermore, let f(v) := t(v,v), then 


df , . A _ A 
dv 3k 2 V 18k 2 


^2v(y(v) + 1) + ^ J v' 3 ^(v')dv'^ +0(v 2 ), 


(362) 
for v £ [0, e]. 

Proof. Integrating (I358D with respect to v from v = 0 yields 

(363) ^(u,v) = e~ K ^ {/»'(«) - e K ^ (u,v')dv'} , 

while integrating (13581) with respect to u from u = v yields 

(364) ^(u,u) = e~ L{u ' v) |a(u) + J e L{u '’ v) J (u',v)du'^ , 

where we used the definitions 

pv pu 

(365) K(u,v) := / (— v')dv\ L(u,v) := / fi(u',v)du'. 

Jo Jv 


























SHOCK DEVELOPMENT IN SPHERICAL SYMMETRY 


35 


From the first of (1 365 1) together with (13551) we obtain 
(366) K{u,v) = 0(v 2 ). 

Evaluating (I363D at u = v yields 


(367) 


b(v) = e ~ K{ - v ' v) \ ti(v) - I 


) (v,v')dv' 


Defining (see (13541) for the definition of t(u, v)) 

(368) I(v) := £ {e K ( v ' v "> - 1 + e K(v ’ v,) r(v, v')J ^(v, v')dv', 
we have 

(369) 


b(v) = e K{v ’ v) \ h'(v) --- (f(v) - h(v) + I(v)) \ , 


c+ 0 ~ C -0 


where we used 

(370) 

From (I319D . (13201) we have 

(371) 


r dt 

J dv^’ V ^ dV ' = t ^ V ’ V ^ ~ ^ V ’ = ~ h ^' 

df, 


dv {v)= (^) +1 ' b{v) ' 


which implies, using (|356f) . (|369|) . 


df, x 

v—(v) = —e 
dv 


- K(v ' v) fl + p(v) + -—-) f(v) 

V C+o — C-0 ) 


(372) 


+ e~ K ^ 1 + p(v) + 


C+o — C-0 

KV \ (C+O - C-0 


C+o — C -0 J \ K 


h’(v) + h(v) - I(v )) . 


Using the definitions 


(373) A(v) := e ~ K ^' v) (^ +---'j --(l- e~ K{v ' v) \ 

\ v c+o-c-o J v\ 1 

KV \ (c+o- C -0 


-K(v, v) 

(374) B(v) :=-=— ( 1 + p(v) + 


C+o — C_o / \ K 


h’(v) + h(v) - I(v) , 


d(vf(v )) 
dv 


h’(v) = 


equation (13721) becomes 

(375) 

Since (cf. (13101) 1 

(376) 

we can write 

(377) 
where 

m := A {,-«»,.) 

(378) +\e~ K ^ (l + p(v) + 

v z \ 


+ A(v)vf(v) = v 2 B(v). 


A 


2«(c+o - c_ 0 ) 


o 2 + 0(c 3 ), 


B{v) = 2^2 +B(v), 




C+o — C -0 

KV \ ( C+o - C-o 


C+o — C-o 


K h '^ ~ 2^? v2 + h<yV ^ ~ 1 ^ ) ■ 


Integrating (13751) from v = 0 yields 

(379) v f( v )= ( e-^' A ^ v ") dv " v ' 2 B(v')dv'. 

Jo 
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^60 = ^M(v)+N(v), 


Substituting this back into (137511 gives 

(380) ^f-(v) = vB(v )—^(1 + vA{v)) [ e~B /A ( v ^ dv v' 2 B(v')dv'. 

dv v A J 0 

Using now (I377D we find 

(381) 

where N(v) is linear in B(y), while M(v) is independent of B(v), i.e. 

(382) 
with 

(383) 

(384) 

(385) 
and 

(386) 


M(v) = M 0 (v) + Mi(v) + M 2 {v), N{v) = N 0 (v) + Ni(v), 

1 r v 2 

M 0 (v) := v - 2 / v' 2 dv' = -v, 

v J o 3 

Mr («) := J (l - e" v’ 2 dv', 

M 2 (v):=-^- [ e-tt A(v " )dv "v' 2 dv', 
v J 0 

Ni(v) := vBi(v )— \{l + vA(v)) f e~M A ( v ' >dv v' 2 Bi(v')dv', i = 0,1, 


where we split B{v) into a part depending on I(v) and a part independent of I(v), i.e. 


Bq(v) := 


A 

2 K 2 


0 — K{v,v) 


p{v) 


KV 


(387) + J- e ~ K M( l + p(«) + 

v z \ 

(388) B^v) := (l + p(v) + 


C+0 — c_o 

KV 


j - (l - | 

C+0 — c o 


c+0 — c_o 

KV 


k h '^ ~ 2^ y2 + h (v) ) ’ 


c+0 — C -0 


J(u). 


In view of (I356D we have 
(389) 


p{v) 


= Po(v) + 0{v). 


c+0 — C-0 

In the arguments to follow q > 0 will denote a number which we can make as small as we 
wish by choosing e suitably small. From y{ 0) = — 1 we have 

(390) \y(v) + 1| < vY < q. 

Now, since we can make 1 — \vY as close to 1 as we wish by choosing e suitably small depending 
on Y (in the following we will not state this dependence explicitly anymore) and since (cf. (13901) 1 

(391) l-\\y{v) + l\>l-\vY, 
we obtain 

1 


(392) 


1 ~h\y( v ) + ii 


<P, 


for p > 1 but as close to 1 as we wish by choosing e suitably small. Hence 


(393) 


Ia>601 < ^1 y(v) + 1| < 2 vY ^ 2 eY ~ Ql 


where q > 0 as small as we wish by restricting e (and therefore eY) suitably (cf. (I390D 1. There¬ 
fore, 

(394) 


Ip60I < q + Cv, 
















SHOCK DEVELOPMENT IN SPHERICAL SYMMETRY 


37 


We now look at Bo. From (13101) it follows that the asymptotic form of the second bracket on 
is 0(v 3 ). Taking into account 


the second line of 
(395) 

(I373D together with (13931) yields 


as well as 


, we obtain 


Bo{v) = 7 ^Po(v) + 0{v). 


(396) 

From (13731) we obtain 

(397) 


w|T(i;)| = |p 0 (v)| + 0(v) < q'. 


r \A(v")\dv"< f |p °y /)l cfo"+ [ V 0{l)dv" <q", 
v' J v' ^ J v' 


where for the first integral we use (cf. (13931) ) 


(398) 


Mv)| < 2 vY , 


and we again choose e sufficiently small, q ', q" are like q , positive and as small as we wish by 
restricting e suitably. From the two bounds in (13961) and (13971) it follows that the contribution 

with i = 0) has the asymptotic form 0(v 2 ). 


of the 0(v) term in B 0 (cf. (13951) 1 to N 0 (cf. 

We now look at the contribution of the first term in (13951) to Nq (cf. (13861) 1. This contribution 
is 


^2 ^ v Po( v ) - J v ' 2 Po(v')dv' 


(399) 


^ f 1 f ( i f v / A(v")dv"\ /2 ( f \ j / ^(^0 f f v , A(v")dv" /2 ( > 

-^~2 J (^ 1-e v ) v po{v )dv - —J e J ”' K ' v po(y )dv 


r \A( V ")\dv" = r 

J v 1 J v‘ 

, we obtain 


\A(v")\dv"j v ,2 \p 0 {v')\dv'. 

+ 0(l)dv" < C(Y + l)i>, 


v JO 

Since the function (1 — e x )/x is bounded for x € [—1,1], it follows from (13971) that the first term 
in the second curly bracket in (13991) is bounded by 

(400) § 

Now, since 

(401) 

where we used 

(402) Qf \A{v")\dv'^j v' 2 \p 0 {v')\dv' {Y+l)v' 2 \po{v')\dv'<C{Y+ l)Yv 3 , 

where we again used (13981) . Choosing e sufficiently small such that Y 2 e < 1, it follows that 
C(Y + l)Fi> 3 < Cv 2 , i.e. the first term in the second curly bracket of (13991) is bounded in 
absolute value by Cv 2 . 

Now we look at the second term in the second curly bracket in (13991) . We will use 

(403) v 2 \po{v)\ < Cv 3 Y, 


|A(w)| = + 0(1) < C(Y + 1). 


Those are consequences of (13961) and (13981) . Using these and (I397D . we have 


(404) 


A(v ) 


e Jv ^ dv v' 2 po(v')dv' 


< 


C(Y + 1)Y 


V 

r2 r 


[ v' 3 dv' < Cv 2 , 

Jo 


where in the last step we again use the assumption that Y 2 e < 1. We conclude that the second 
term in the second curly bracket of (13991) is bounded in absolute value by Cv 2 . Therefore, the 
second curly bracket in (13991) is bounded in absolute value by Cv 2 . 

We rewrite the first curly bracket in (13991) as 

rv J2 


v\{y{v) + i) —“2 / ^r(y(v') + l)dv' 
V J 0 z 
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(405) + ujpo(*0 - \{y{v) + 1)} 

For the curly brackets we use the estimate 


2 {po(v') - \{y{v') + 1)} dv'. 


(406) 


\po{v) - Uy{v) + 1)1 = 


3 (y(v) + i) 2 


1 - Hy( v ) + !) 


< Cv 2 Y 2 , 


where we used (13901) . We deduce that the second line in (14051) is bounded in absolute value by 
Cv 2 where we again make use of the assumption that Y 2 e < 1. We conclude that 


(407) 


4k 2 

Integrating by parts yields 


No(v) = { v(y(v) + 1) - 4 / v' 2 (y(v') + 1 )dv' }> + 0(y 2 ). 


(408) N 0 (v) = ^2v{y{v) + 1) + ^ v' 3 ^(v')dv'^ + 0(y 2 ). 


We now turn to N\. For this we have to estimate B\. In view of 
(409) 

Now we look at I(v). From 


we have 


\Mv)\ < ^\I{v)\. 


(410) 

These imply 

(411) 

which yields 

(412) 

Now, 


we have 
\ e K(vY) _ i| < Cv' 2 , 

|i»| < Cv 


|r(u, v')\ < Cv. 


dt . , 

a~v {v ' v) 


< - 


dt, ,, 


dv', 


dv'. 


< 


'0 JO 


(413) 


-4 [ v' 2 \B\{v')\dv' < — [ v'\Bi(v')\dv' 

V 2 Jo V J 0 

yy) 

-y,v") 

<— [ (v — v")T(v, v")dv 
v Jo 

PV 

<C T(v, v")dv 

Jo 


< 


C 
v . 
C 


<- v j f v dt 

rv r rv dt 

Hv' 


' dv"jdv' 

1 dv'\dv" 
ff\j n 


where to go from the second to the third line we changed the order of integration and in the 
fourth line we used the definition 


(414) 


T(u, v) := sup 

u'£.[v,u] 


dt , 
a~v lu ’ v) 


Using (14121) and (14131) in (13861) with i = lwe obtain 

(415) |JVi (v)| < C / T(v,v')dv'. 

Jo 

We postpone the estimation of T until the estimates for M are completed. 
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We now look at Mi (cf. (13841) 1. We rewrite as 

M\[v) = \ J | J A(v")dv"^j v ,2 dv' 


(416) 
Since 

(417) 


+ y jf ^1 - e~ ft A ( v ") dv " - A(v")dv ,,S j v' 2 dv'. 


A(v) = ^-+0(1), 

V 


we can rewrite the term on the first line as 


(418) 5 h L A{v>adv '=it l ( £ v i+ °(i= ft.(«'X 2 *'+o(» 2 ). 


We now rewrite 


^2 J Q PoW)v' 2 dv' = 7^2 ±(y(v') + l)v' 2 dv' + (po(v')-\{y{v') + l))v' 2 dv'^ 


(419) 


18i; 2 


|w 3 (j/(p) + !) - J v' 3 ^(v')dv'\ + 0(v 2 ), 


where for the first term we used integration by parts while for the second term we used (USD 
together with the assumption that eY 2 < 1. This implies that the term in the first line of (14161) 
is equal to 


(420) 


ih w ”>+ 11 * l ”' 3 S<”' ) *'} + 


Using the fact that the function (1 — e x — x)/x 2 is bounded for x G [—1,1], implies that the 
term on the second line in (14161) is bounded by 


(421) 

Now, since 

(422) 


v ,2 dv'. 




[ V \A(v")\dv” < f \A(v')\dv' < Cv(Y + 1), 
Jv' JO 


where we used (14031) . we obtain 

(423) Qf \A{v")\dv'^j v' 2 dv'<Cv 3 (Y+1) 2 <Cv 2 , 
where we used the assumption eY 2 < 1. This together with (14201) implies 

(424) Mi{v) = ^ |w 3 (y(u) + 1 )- J v ,3< ^-(v')dv' | + 0{v 2 ). 


(425) 


We now look at M 2 (cf. (13851) 1. We rewrite M 2 as 

A ( v ) „,2 , A ( v ) 1 


M 2 (v) = f f 1 _ e -s:> A(v")dv"\ v ,2 dv f 

3 V Jo v / 


For the first term we have 

A(v) 2 Po{v ) 


3 v ~ = --y -v + 0(v ) 


:(y{v) + !) - | (k(y( v ) + !) - Po( v i) + °( v2 ) 


= --(y( v ) + l)+0(v 2 ), 


(426) 
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where we used (140611 together with the assumption eY 2 < 1. Taking into account that the 
function (1 — e~ x )/x is bounded for x € [— 1,1] and integrating by parts we find that the second 
term in (14251) can be estimated in absolute value by 


(427) 


C\A(v)\ 


A(v')dv' 


Using the second of (14031) we get 


(428) 


C\A(v)\ 


A(v')dv' 


v 2 < C(Y + 1)V < Cv 2 , 


where we again used the assumption eY 2 < 1. From (14261) . (14281) we obtain 


(429) M 2 (v) = ^(y(v) + l)+0(v 2 ). 

We shall now turn to the estimate of T(u,v) and prove that T{u,v ) < Cv. To accomplish 
this we will use the ode (13811) but we will use less delicate estimates for M* and 7V ? : than derived 
above. We derive these rough estimates from the delicate estimates (I408D . (I424D . (14291) by using 
the two estimates (cf. (13901) ) 


(430) 


I y(v) +1| < c, 


dy , s 
v—(y) 
dv 


< C. 


Using the resulting (rough) estimates together with (13831) . (I415D in (13811) we arrive at 


(431) 


df, s 
~r( v ) 
dv 


~c{ V + J 0 T ( v ’ v ') dv 'Y 


Using the asymptotic form of y{u,v) as given by (13541) it follows from the second of (13651) that 
\L(u,v)\ < Ce. We deduce from (13641) together with the asymptotic form of v given by 
very roughly, 


(432) 


m 

dv 


u,v) 


<C^\a(v)\ + v J 


dt 

“■ l,) 


du’ \ . 


From (I363D we deduce, very roughly, 

dt 


(433) 


du 


(u,v) 


<Clu 2 + 


dt_ 

dv 


(u,v') 


dv' \ . 


Substituting in the integral in (I432D the bound (14331) yields 


(434) / 

J V 

Now, 

(435) 

which implies 

(436) \a(v)\ = 


dt 

Tu {u ' v) 


du 1 < C{u — v ) u 2 + J T(u,v')dv' | . 


df 


(v) = a(v) + b(v) = (1 + 7 (v))a(v), 
df 


dv 
1 df 


{v) 


< 


dv 


(v) 


~ C { V + J 0 T ( v ’ v ^dv' |, 


1 + 7 (v) dv 
where for the first inequality we used 
(437) 0 < 7 (v) < Cv, 

which follows from (I356D . and for the second inequality in (I436D we used (I431D . Substituting 
(I434D and (I436D into (14321) yields 


(438) 


dt_ 

dv 


(u,v) 


~ C { V + So T ^ v '^ dv '}- 
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Since T(u,v ) is non-decreasing in its first argument (cf. (141411 i we have 
(439) 


dt , 


Y, u (v) := f T(u,v')dv' 
Jo 


<C^u + J T(u',v')dv'^ for u'g[v,u\. 
Taking the supremum over all u' € [v, u) we find 

(440) T(u,v) < C^v + J T(u,v')dv'^ . 

Defining 

(441) 

equation (14401) becomes 

(442) 

Since E„(0) = 0, we get 

(443) 

Therefore, 

(444) T(u,v)<Cv. 

Plugging this estimate into the estimate for Ni, i.e. into (141511 . we obtain 

(445) \Ni(v)\ < Cv 2 . 


dTi u 

dv 


(u) <C(v + T, u (v)). 


S u (v) < f e c ^- v,) Cv'dv' < C'v 2 . 

Jo 


Using now the delicate estimates for Mo, IVo, Mi, M 2 as given by (138311 . (14081) . (14241) . 
the ode (13811) . we arrive at 

,146) I'" 1 - s?” = is? 


^2v(y(v) + 1 ) + ^ J v' 3 ^-(v')dv'^ + (D(v 2 ). 


This is (13G2I) . 
Using now 


(447) 

in (14461) we obtain 

(448) 

Since 

(449) 

we obtain from (14371) , 

(450) 

Together with (14481) we conclude 

(451) 


I y(v) + l| < Yv, 


dy 

dv 


<Y, 


df, . A 


< C(Y)v 2 . 


, 1 d f, A Uf A d f f A 7( U ) d f , \ 

alv) = —(v) - b(v) = — (v) - - 7 T-r(v), 

w dv w w dv y ' 1 + 7(1;) dv K ’ 


a(v ) = -r~(v) + 0(v 2 ). 
dv 


, , A 

a(v) - — 2 v 


< C{Y)v 2 . 


(452) 


Recalling the definition (141411 and using (144411 we get 

dt 

0 


fit r v 

/ —(u,v) dv'< / T(u,v')dv' < Cv 2 . 

Jo ov Jo 
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Substituting this into (143311 yields 
(453) 


dt_ 

du 


(u,v) 


< Cu 2 . 


We now revisit (13641) . in particular the term 


(454) 

From (13541) we derive 

(455) \L(u,v ) — L(u',v)\ = 
Using now (13551) and (14531) we have 

(456) 


-(L(u,v)-L(u',v)) (u',v)du'. 


fi(u ", v)du" 


-(L(u,v)-L(u',v)) I ( u ’ jV ) du ' 


< Cu. 


< Cu 3 v. 


We now look at the first term in (I364D and rewrite it as 
(457) e~ L{u ' v) a{v) = e~ L{u ’ v) ^v + e~ L ^ v) (a(v) - . 

The second term can be estimated using (14511) , while for the first term we use (13541) to estimate 


(458) 
Now, 

(459) 


L(u , v) — 


k(u — v) 


c+o ~ C -o 


< C / v!dv! < Cu 2 . 


- „ k(u — v) 9 . 

e c +o- c -o = l-i-- + 0(« 2 ), 


which, together with (14581) . implies 

(460) e ~L(n,v) = 1 _ 


C+O — C-0 
k(u — V ) 


0(1 


C+o — C-0 

Using the estimates (14511) . (14601) in (14571) and the resulting estimate together with 
yields 


(461) 

This is the first of (13611) . 


dt A 

Wd n ' v) - y? v 


< C(Y)uv. 


We now revisit (13631) . in particular the term 
(462) 

We rewrite it as 

r v 

/ e K(u,v ) 


( 4 ) 


(u,v')dv' = J e K ( u ’ v ) ii(u,v')v'dv' 


(463) 




Using (13541) . the hrst term on the right of (14631) possesses the following asymptotic form 

(464) [ e K ( u ’ v ^n(u, v')v'dv' = ——--- rv 2 + 0(uv 2 ). 

3/U J o 6 a(c+o - c_ 0 ) 

By (13541) and (14611) . the second integral in (14631) can be bounded in absolute value by C(Y)uv 2 . 
Together with (13101) we obtain from (13631) , 


(465) 


A(3u 2 — v 2 ) 


— ( A - 

du ’ 6k(c+o — c_o) 


< C(Y)u 3 . 
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This is the second of (13611) . This completes the proof of the proposition. 


□ 


Lemma 4.1. For e sufficiently small depending, on No, Y, the sequence {{a' n , P' n )\ n — 0,1, 2,...) 
is contained in X. 


Q'o(u,w) = 0, /3' 0 {u,v) = 0. 

( a o> fib) S X. 


Proof. From (13401) . (I350D we have 

(466) 

Therefore 

(467) 

We now show the inductive step. In the following the generic constants will depend on Nq 
but we shall not specify this dependence. It suffices for us that this constants are non-negative 
non-decreasing continuous functions of Nq. The inductive hypothesis is 

(468) ||KX)IU<^o. 

We start with 

,u doL 


(469) \a'J{u,v) = 
where we used a' n (u, 0) = 0. 

(470) l&l («,«) = 


a' n {u,0) 


dv 


(it, v')dv' 


Pn( V i V )+j -faf( U '’ V ') dU ' 


< N 0 £ 


< N 0 s 2 , 


where we used f3' n (v,v) = 0. Choosing e small enough we deduce 
(471) (a' n + ati, (3' n + f3+) = (a n , j3 n ) G R$. 

Therefore, the functions c± iTl and derivatives thereof are bounded, i.e. 


1 1 

(dc±\ 


( dc±\ 

sup |c± i7l |, sup 
Te T e 

V da ) n 

,sup 

T e 

03 1 

3 


(472) 


(also for higher order derivatives). From (13501) we have 


< C. 


(473) 

da'n 

da n 

dai 

da'n 

da n 

du 

du 

du ’ 

dv 

dv 

(474) 

Wn 

d/3 n 


dfin 

_ dfi n 

du 

du ’ 


dv 

dv 


dv 

We now derive bounds on /i n , v n . From the first of (13171) we have 


(475) 
For th 

(476) 


1 


f^n — 


dc 


+n 


C-\-n C— n Ou C+n C—r 

For the second term we have 


1 


f 9 ca 


dc + 

da 

dffi 

du 


da n _ 

du 

= 0(u), 


( ^£± 

V d/3 


d/3 n 

du 


C +n - C— n \ d/3 

where we used the first of (I474D together with the inductive hypothesis (14681) . Defining the 

functions 

(477) 


1 


1 


fi-= 

C+0 C_o C_|_ n C—n 

the first term in (14751) becomes 


fdc 




\ da 


dcA 


da 


h-.= ( d £) -(£ 


da 

du 


(478) 


1 


C-\-n C— r 


dc + 

da 


da n 

du 


c+o — c_o 


-h 


£') -Al. 


du 


For fi t 2 we note that /i i2 G C 1 [0, er] with /i )2 (0,0) = 0, which implies 


(479) 


fi, 2 (u,v) = 0(u). 
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For fs we have 

(480) f 3 (u,v) = a 0 - 


dcX-n 

du 


( \ • 3 a n ( ^ doii ( ^ 


where we used the first of (14731) . The inductive hypothesis together with (131 ID yields 
(481) h(u,v) = 0(u). 

From (I479D . (148111 together with 


(482) 


1 


_ / dc+ 

c+o - c_o V 9a 


da 

du 


c+o — C -0 


where we recalled ( dc + /da)oao = k (see (12851) 1. we obtain 


(483) --- 

C -|-n C—r, 

Together with (I47(il) we conclude 


dc+ 

da 


da n 

du 


(484) 

We now look at 

(485) 


Hn(u,v) = 


c+o — C_o 


c+o — C_o 


0(u). 


<D{u). 


C+n C—r, 


dc- \ da n (dc- \ d/3\ 


da 


dv \ d/3 


dv 


For the first term we use the second of (I473D which together with the inductive hypothesis 
implies 

' dc-\ da , 
da 


(486) 


1 


£+n C— r, 


dv 


= 0(v). 


For the second term in (14851) we use the second of (14741) together with the inductive hypothesis 
(I468D and the property of the boundary data given by the first of (I312D . We get 


(487) 

Therefore 


1 


C+n r 


dc _ 

d/3 


d/3 n 

dv 


= 0(v). 


(488) v n {u,v) = 0(v). 

We now look at 7 n (i>). Since 

(489) c +n {v) = c+{a+ n (y),P+{v)), 
we have 

(490) ^(«) = ^(a +n (v),/3+(v))^(v) + ^(a+ n (v),P +(v))^±(v). 

dv oa dv op dv 

Now, 

(491) a +n {v) = a' n {v,v) + ai(v). 

From a’(u, 0) = 0 together with the inductive hypothesis (14681) we obtain 

(492) \a' n {v,v)\<^N 0 v 2 . 

Hence 

(493) a+ n {v) = a 0 + aov + O/v 2 ). 

From (134ID we have 

(494) 


(3+(v) = /3 0 + O(v 2 ). 
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From 

(495) 


da 


+n 


dv 


da' da\ 


(«)= ^ + ^ («.«) + 


du dv 


dai 


dv 


together with the inductive hypothesis we have 

da~ 


(496) 


dv 


(v) = do + 0(v). 


Expanding now (dc + /da)(a, /3), (dc+/d(3)(a, 0) and making use of (14931) . (14941) we obtain 


(497) 


(498) 


dc + 


— (a +n (v), /3+(v)) 
^-(a +n (v),p+(v)) 


= (dc ± \ /3YO 


da 


\ da 2 J t 


a 0 v + 0(v 2 ), 


= i^±i + (£sU) 


<9/3 


\ dfidaJ ( 


don + 0(v 2 ). 


Using these together with (13411) . (I496D in (I490D and recalling ( dc + /da) 0 do = k we hnd 

dc+ n 


(499) 
Hence 

(500) 


dv 


'-(v) = k + 0(v). 


c +n [y) = c+o + kv + 0(v 2 ). 

Therefore, using the second of (13121) . 

(501) c +n (v) -V(v) = nv - -(1 + y(v))v + 0(v 2 ). 

From the fact that C- n (v ) = C-(a+ n (v), f3+(v)) is in U7 1 [0, we obtain, in conjunction with the 
second of (13121) . 

(502) V(■v ) - C- n (v) = c+o - c_o + 0(v). 

Now, using (I501D and (I502D in the third of (13201) we find 

1 c+o — c_ 0 


(503) 
where 

(504) 


7n(p) 


KV 


-(1 +p n (v)). 


Pn{v) = Poiy) +0(v), with p 0 (v) = 


h(y( v ) +!) 

1 - \{y{v) + 1)' 


Remark 8. There is no index missing on /3+ in (I489D . This is because /3+ originates from the 
boundary data which is not subjected to the iteration while a+ n is part of the solution of the 
fixed boundary problem, therefore subjected to the iteration. 

In view of (13101) . (14841) . (14881) . (15031) . (15041) we are in the position to apply nroposition l4.il 
with (fi n , t n , 7 ra , p n , t n ) in the role of (/x, r, v, 7, p, t). From proposition 14.11 we have (recalling 
the constant Cq given in (13481) 1 


(505) 


dt n 


du 


< C 0 u 2 , 


dU 


dv 


< C 0 v, 


provided that e is sufficiently small. Using (15051) in (13371) together with (14721) we get 

(506) ir 0 <r n < |r 0 , 

provided that e is sufficiently small. It follows from (I471D . (I506D and the definitions (I345D . (I346D 

(507) sup \A{a n , /3 n , r„)|, sup \B(a n , @ n , r n )\ < N. 

T e t £ 

Taking the derivative of the first of (I351D with respect to v and of the second of (13511) with 
respect to u we obtain from (15051) together with (I507D that 


(508) 


da' 


71+1 


dv 


dU 

dv 


A r 


< C 0 vN, 


dd' n 


71+1 


du 


&U 

du 


B r 


< C 0 uN. 
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Now we establish bounds for da' n+1 /du, dp' n+1 /dv. (I471I1 . (15061) imply 


(509) 


sup 

T e 


( dA \ 


[ dB\ 

\ dk ) n 

,sup 

T e 

\ dk J n 


< C, k £ {a, /3, r}. 


From the first of (13511) . 


da' 


n+1 


du 


{u ' v) = l it (u ’ v ' )dv ' 


(510) 


dt n 

/ dA 

dv 

[dp 

dt n | 

( dA 

dv 1 

\ dr 


du 


dt n ~ d 2 t n ] 

C—n~Z. - 1 “ A 

OU 


1 dudv J 


(u, v')dv', 


where for the third term we used the second of (13061) . From (13351) , (I354D , (I355D , (15051) we obtain 

d 2 t r 


(511) 


dudv 


< Cv. 


Now we bound (15101) . For the first three terms we use the second of (I505D . (15091) and the 
inductive hypothesis (14681) in conjunction with (13501) (and the fact that we have bounds on the 
derivative of the initial data a ,;). For the fourth term in (15101) we use (15111) . We conclude 


(512) 

From the second of (13501) 

dP'n+i, x 
— (u ' v, = 


(513) 


da' 


71+1 


du 


< Cu 2 . 


dB n , , 

, v)du' 

dv 

f dt n 1 

dB\ 

1 du { 

da )r 


dv du 

dtn f dB_ 

du \ dr 


dv 


dt n 


V+n ' B 7 
av 


d 2 tn 1 , , 


dudv / 


(u',v)du' - B n (v,v), 


We can bound the integral in the same way as we did for (15101) (and using the first of (13121) 1. 
For the term B n (v,v) we use 


(514) 


I B n {v,v)\ = 


f)t ~ 
-r^(v,v)B n (v,v) 


< CqvN, 


where we used the second of (15081) . Therefore, 

dfi'n+i 


(515) 
From 

(516) 


du 


< Cuv + CqvN. 


(I512D . (15151) we have 


1 

da' n+ i 

1 

da-’n+i 

1 

dPn+1 

1 

dPn+1 

u 

du 

5 

V 

dv 

u 

du 

5 

V 

dv 


< Cu + C 0 N. 


Replacing u by u ', taking the supremum over u' S [u, u] and choosing e sufficiently small we find 

(517) HK +1 ,+ +1 )lk<lVo. 

This completes the inductive step and therefore the proof of the lemma. □ 
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4.2. Convergence. 

Lemma 4.2. For £ sufficiently small depending on No, Y, the sequence ({a' n , f3' n )\ n = 0,1, 2,...) 
converges in X. 


Proof. We use the notation 
(518) 

From the first of (13511) we have 

dA n+ ia' 


(519) 
Therefore 

(520) 


dv 


A n f) := 1p n - V’n-l- 


. , , dA n t dt n -\ 

= A n A = A n ——-1-—— A n A. 


dv 


dv 


dA n+1 a' 


dv 


< C 


dA n t 


dv 


+ u(|A n a| + | A„/3| + |A„r|) |. 


From the first of (13501) we have 

(521) A„a = A n a' 

■I 

which implies 

(522) | A„a| < u 2 sup 

T e 

Similarly we get 

(523) \A n j3\ < u 2 sup 


dA n a' 

dv 


( u , v')dv' 


1 dA n a' 
v dv 

1 dA n B' 


u du 


For an estimate of | A n r(u, u)| we use (13371) . which gives 
(524) 

dA n t dt n -1 


A n r = 


du 


, dtn- 1 A ] , , nAJ , , f V f dA n t dt n -1 A 1 , /AJ , 
+ —A„c_ j (u ,0 )du + J ' A n c + | {u,v)dv . 

We first look at the terms A n c±. 

(525) |A n c±| < C{\A n a\ + |A n /3|} < Cu 2 {sup 


13A„ 


dv 


- sup 


1 dA n p' 
u du 


where for the second inequality we use <152211 . (15221) . To find an estimate for the differences of 
partial derivatives of t we subtract (13181) with t„_i in the role of t from (13181) with t n in the role 
of t (analogously for the roles of p and v). We arrive at 

d 2 A n t . dA n t dA n t „ 

Pn ~ IAj, 


(526) 
where 

(527) 


dudv dv 

dt n -1 


du 


A dtn ~ l A 

AnU --— A n p. 


— II r\ -ft" r\ 

ou ov 

The initial conditions for (I526D are A n t(u, 0) = 0. Furthermore we have the boundary condition 


(528) 


dAnt 1 BA n t | dtn -1 A ( 1 

I ,. AA. 


dv 7 „ du du 
Integrating (15251) with respect to v from v = 0 yields 


, for « = v. 


(529) 


dA n t 

du 


(u, v) = e 


— p ~K n (u,v) / K n {u,v‘) ( n _ 


/ 0 


- j n f^n 


dA n t 

dv 


(it, v')dv', 


where we used the first of (13651) . Evaluating (15291) at u = v gives 

K 


(530) 


A n b(v) = e K ^ v ’ v '> \p n (v) ---(A n f{v) + A n I(v)) { 

l c+o - c_o V J J 
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where we used the definitions 
(531) A. 


(532) 


1 ( v ) ■= j [e Kn( ' v ’ v '' > - 1 + e Kn{v ’ v,) T n (v, i/)} 

Pn(v) ■- [ e Ky% ( v ’ v ^E n (v,v')dv'. 

Jo 


For the definition of T n (v) see (13541) . 

We now estimate the differences A n fi, A n v. From the first equality in (14751) we obtain 


(533) A n (L = — 


da 


+ ,n 


A„(c+ - C —) + 


dA n c+ 


(C-|-,n 1 C—,n —l) du —1 C—,n —1 clli 

The first term can be bounded using the estimates (15251) . For the second term we use 


(534) 

which implies 

(535) 

<9A ra c + _ 

du 


da 


+,n 


du 


d c+ 
da 


da n 

du 


dc + 

da 


dA n a i da n -i ^ / dc + 


du 


du 


\ da 


dc + 


dc + 

w 


d/3 n 

du 


d A„/3 dp n -i 


For the first and third difference we use 


(536) 
For tb 

(537) 


d A.„ 


dA„ 


du 

dA n /3 dA n p’ 


du 


A r 


dc+\ 

dP J 


du du 

For the difference of derivatives of c n ,± we use 

' dc + 


du 


du 


A r , 


da 


< C {|A„a| + |A„/3|} < Cu < sup 

t e 


dv 


sup 

T e 


1 dA n 0' 

u du 


where we used (15221) . (15231) . The same result holds with fi in the role of a. Using (15361) . (I537D 
in (15351) and the resulting estimate together with (15341) in (I533D , we obtain 


(538) |A„/x| < C 
From (14851) we get 

(539) A n v = - 


dA n a’ 


du 


dA n (3' 


du 


+ u ( sup 

Te 


1 dA n a' 


v dv 


sup 

T e 


1 dA n p 


u du 


dc- 


— A n (c+ - c_) + 


dA n c- 


(c+,n - C_, n )(c +1 „_ 1 - C_ „_i) dv " ^ ' C + ,n-i - C_, n _i dv 

The first term can be bounded using the estimate (15251) and taking into account that 


(540) 


dC-, n 


fdcA' 

\ dot n | 

( dc-' 

\ dp n 

dv 


V da , 

L a- 

V 08 , 

L 9v 


< Cv, 


where we used the inductive hypothesis (I468[) . For the second term in (15391) we use the expression 
for dA n C-/dv analogous to (15351) and take into account the expressions analogous to (15361) . We 
arrive at 


(541) 


\A n v\ < C 


d Ar 


dv 


dA n p ' 


dv 


+ u v ( sup 
T s 


1 dAr 


v dv 


sup 

Te 


1 dA n p' 


u du 


Defining (see (13531) 1 

(542) 

we deduce from (15381) . (15411) . 

(543) \A n /j\ < CuA, 


A := \\(A n a',A n p')\\ x , 

\A n i/\ < Cv A. 


Recalling (I505D we deduce from (15431) that 

(544) |3 n | < Cuv A. 
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Therefore, 

(545) 

Since 

(546) 


\P n (v)\ < Cv 3 A. 
dA n f 


dv 


— A n d T A n b 1 


the boundary condition (152811 gives 

dA n f _ ( 1 
dv 


(547) 

where we use the definition 

r)t 

(548) k n (v) := (v,v)A r , 

au 

Using (15041) we obtain 


+ 1 ) A n b + k n , 


7 (v)J ' 


(549) 


dA n f f c+o - c_ 


dv 


c+o — c o 


Substituting (15301) we get 
(550) 


d{vA n f) 


Pniy) I A n b + vk n 


dv 


+ A n (vA„f ) = v 2 A n B, 


where A n (v) is given by (13731) and 


(551) A n B(v) := 


e -K n ( v,v) 


1 + Pn{v) + 


c+o — C-0 


c+o — C o 


Pn{v) - A n I(v) I + 


k n {v) 


Integrating (15501) from v = 0 to v yields 

(552) vA n f(v)= [ e~ W A ^ v " )dv " v' 2 A n B(v')dv'. 

Jo 

Substituting this back into (|550[) gives 

(553) d ^f{v) = vAnB{v) _ 1 (1 + vAn{v)) r e - /„», A n (v")dv" v , 2 AnB{v > )dv f 

dv v z J o 

We decompose A n B according to 

(554) A n B = A n B + A n B, 

1 _ 

where A n B contains the terms of A n B which are linear in A„J. The right hand side of (15531) 

being linear in A n B, we decompose analogous to the decomposition (I554|) . i.e. 


(555) 


dA n f(v) _ o i 

— -Ttn i Jdirn 


dv 


R n being linear in A n I. Recalling the third of (I320D together with the second of (13121) we deduce 


(556) 


An { “ ) («) 


< C |A -° ( 7' ,)I < Csup 


1 dAr 


v dv 


< C A, 


v* T e 

where we used (15221) (notice that in the third of (13201) we have in the role of 7 and c± :n (v) = 
c±(a+ n (v), (3+(v)) in the role of c±( v) but /3+(v) as well as V{v) are given by the boundary 
data). From the first of (15051) we then get 

(557) \k n {v)\ < Cv 2 A. 

Using (15451) and (15571) we find 


(558) 


|A„13(z;)| < Cv A. 
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From (13961) we have 

(559) M„(v)| < C. 
Therefore, through (15531) . 

(560) |i?„(w)| < Cv 2 A. 
We now estimate A n I. From (13661) we get 

(561) \ e K (v,v') _ i| < Cv 2 , 
while from (13541) we have 

(562) \T n {v,v)\ <Cv. 
Using (15611) and (15621) in (15311) we obtain 

dA n t 


(563) 

Therefore, 

(564) 

which implies 


\A n I(v)\ < Cv 


dv 


{v,v') 


dv'. 


\A n B(v)\ < ^\A n I(v)\ < - r 

V 2 - v J o 


dA n t 


dv 


( v,v ') 


dv', 


v' 2 \A n B(v')\dv' < — / v'\A n B(v')\di 


< - 

~ v . 


nv / cv 


'0 \^0 


9A n t , „ 
(v,v ) 


dv 


dv" dv' 


(565) 
where 

(566) 

Since, from 

(567) 


<C f A n T{v,v")dv", 
Jo 


A n T(u,v) := sup 

u' (z[v,u] 


dA n t , 

{u ,v) 


dv 


v\A n B(v)\ <C A n T(v,v")dv", 


we conclude, together with (15651) . that the part of the right hand side of (15531) which is linear 

l 

in A n I (which we denote by R n ) satisfies the estimate 

(568) |A„(r>)| < C f A n T(v,v")dv". 

Jo 


From 

(569) 


we conclude 

dA n f(v) 


< Cv 2 A + C I A n T(v, v')dv’. 
Jo 

Integrating (15261) with respect to u from u = v yields 
(570) ^( U ,tO = e- L »<“> u > |a n a{v) + ,v) + 


dA n t 
1 du 


( u', v)^ du' | . 


From (I354D , (I355D we have 

(571) \v n {u,v)\<Cv, \nn(u,v)\<C. 

The second of these implies, through the second of (13651) . that 

(572) \L n (u,v)\ < Cu. 
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Using the first of (157111 as well as (157211 and (15441) we obtain 
<9A „t 


(573) 


dv 


-(u,v) 


< C 11 A n a(v)\ + u 2 v A + v J 


dA n t , 

(u ,v) 


du 


du' ^ . 


Now, from (15291) in conjunction with (154411 and the second of (15711) we get 


(574) 


dA n t 


du 


(u,v) 


< C |uu 2 A + J 


dA n t 


dv 


u,v') 


dv' \ . 


Using this for the integral of the right hand side of (15731) we estimate 


dA n t , 

Ysr < “-” ) 


dA n t , , 


dv' ) du' 


(575) 


Substituting this into (15731) we obtain 
dA n t 


(576) 

From d5MD, HM7D . 
(577) 


: (u,v) 


du' < Cuv 2 (u — v)A + (/ 

< C |uu 2 (u — v)A + (u — v) J A n T(u, t/)dz/|. 
btain 

< C |A ra a(u)| + u 2 vA + v[u — v) J A n T(u,v')dv'^j . 


A n a(v) = 


1 (dA n f(v) 


1 + 7 n{v) V dv 


- ln{y)k n {;v) . 


Using (I557D . (I569D we obtain 

(578) |A„a(u)| < C •|u 2 A + J A n T(v,v')dv'^j . 

Using this estimate in (15761) we find 

dA n t 


(579) 


dv 


-{u,v) 


<C'-|m;A + J A n T(u,v')dv'\. 


Taking the supremum over u in [u,u] we deduce 

(580) A n T(u,v) < C i^uvA + J A n T(u,v')dv'^j . 
Setting 

(581) 

becomes 


pv 

A n Tj u {v) := / A„T(u, v')dv', 
Jo 


(582) 

Integrating yields 

(583) 

Using this in (15801) . we find 

(584) 

The above imply, through 

(585) 

Using this in (15741) we conclude 

(586) 


— A n T, u (v) < Cuv A + CA n Y, u {v). 
dv 


A n Y, u (v) < Cuv 2 A. 
|A n T(it,u)| < Cuv A. 


dA n t 


dv 


dA n t 


{u,v) 


du 


(u,v) 


< Cuv A. 


< Cuv 2 A. 
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Using these estimates together with (150511 and (152511 in (152411 we deduce 
(587) \A n r(u, n)| < Cu 3 A. 

It then follows from (15201) together with (15221) . (15231) . (1585D . (I587D that 

dA n+1 a' 


(588) 


dv 


From the second of (13511) we deduce 


dA 


(589) 

Therefore (cf. (15201) ). 

(590) dA n+l p' 


n+U 


du 


du 


< C 


= A n B = B, 


dA r.t 


< CuvA. 


dA n t dt n _ i 


du 


du 


A„ 


du 


A n B. 


I A, 


iP\ + |A„r|) j. 


Using now (15221) . (15231) . (15861) (I587D we arrive at 

dA n+1 p' 


(591) 


du 


(u,v) 


Now, from the first of (13511) we deduce 


dA n+1 a' 

du 


(u,v) = 

Jo 


(dA\ dA n a da n -\ 


\da 


n du 


du 

dt n -i_ f dA_ 
du \ dr 


du 
fdA 
\dp 


A 77 , C_ 


< Cu 2 A. 


dA 
da 
dA 

dr 
dt n -1 
^ du 


9A n /3 

\W)n 

dA n t 


du 


du 


C— ,n— lA n | 


(dA 

V9r 


(592) 

For the second term on the right of 

'dA 


A d 2 A n t d 2 t n _ i - y 

A n -h „ „ A n A >(u,v )dv . 


we use 


(593) 


A„ 


da 


< C < | A n a | + \A n (3\ + |A ra r| + 


dudv 


dA n t 


dv 


dudv 


< Cu 2 A, 


where for the last inequality we used (15221) . (15231) . (I585D . (I587D . The fourth term on the right 
of (15921) we treat analogous to the second. For the fifth term we use (15861) and for the sixth 
we use (152511 . The seventh and the last term in ([] 

in conjunction with 


J can be bounded in the same way as the 
second and the fourth. This leaves us with the eighth term. From 


(I544D . (15851) . (15861) we get 
(594) 


d 2 A,,t 


dudv 


{u,v) 


< CuvA. 


Putting things together we deduce from (15921) 
(595) dA n+1 a’ 


du 


u,v) 


< Cu 2 A. 


Using the second of (13511) we see that for the difference 

dA n+1 /3’ 


dv 


(596) 

we get an analogous equation as we got in (15921) with the exception of the additional term 

(597) -A n B{v,v). 
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For the terms analogous to the ones showing up in (159211 we use the analogous estimates while for 
the term (15971) we use the first equality in (15891) with u = v and the estimate (15911) . Therefore, 


(598) 


dA n+ i(3' 

dv 


(u,v) 


< CuvA. 


Using (15881) . (159 111 . (15951) . (15981) . it follows 
(599) ||(A„ + 1 a', A n+1 p')\\ x < CuA = Cu\\(A n a', A n /3')\\ x . 


It follows that for e small enough we have convergence of the sequence in the space X. This 
concludes the proof of the lemma. □ 


The two lemmas above show that the sequence (a' n , (3' n ) converges to (cd , /?') £ X uniformly 
in T e . Therefore we also have uniform convergence of ( a n ,/3 n ) to (a,/3) £ C 1 (T e ) (see (15501) ) . 
Now, (15851) . (15861) show the convergence of the derivatives of t n . Therefore, the pair of integral 
equations (15631) . (13641) are satisfied in the limit. We denote by t the limit of ( t n ). It then follows 
that the mixed derivative d 2 t/dudv satisfies (13581) . In view of the Hodograph system (13061) the 
partial derivatives of r n converge and the limit satisfies the Hodograph system. Let us denote 
by r the limit of (r n ). We have thus found a solution of the fixed boundary problem. Since 
every member of the sequence ( t n ) satisfies the expressions for the asymptotic form as given in 
the statement of proposition 14.11 these expressions (i.e. (13611) . (13621) 1 also hold for the limit t. 
We have therefore proven the following proposition. 

Proposition 4.2. Let h(u) and ai(u) be given by 

(600) h{u ) = u 3 h(u), h £ C 1 [0,e], h( 0) = —-—--r-, 

6 k(c+o —c_o) 

(601) ai(u) = a 0 + a 0 v + v 2 &i(v), a* £ C^OjE], a.i(0) = ^a o . 

Furthermore, let /3+(v) £ C' 1 [0,e], V(v) £ C°[0,e] satisfy 

(602) ^^(v)=0{v), V(v)=c +0 + ^{l + y{v))v + O(v 2 ), 

where y is a given function such that 

(603) yeC^e], y(0) = -1. 


Let 

(604) 


Y := sup 

[0,e] 


dy_ 

dv 


Let ro > 0 and let Nq be given as on vaae MFA Then there exists a solution (a, /3, t , r) £ C' 1 (T e ) of 
the characteristic system (15051) . (15001) such that a(u, 0) = ai(u), (3(v, v ) = /3+(v), t(u, 0) = h(u), 


r( 0 , 0 ) 

= ro and 

(605) 

§>13? 

II 

(606) 


(607) 

<if ,, 
Tv {v) ~ 

(608) 

dt 

9i {u - v) - 


1 dt 
T(v) du 


A 


(v,v), with 7 ( 1 ;) = 


c+{a{v,v), P+(v)) - V{v) 


A 


3k 2 18k 2 

- <C(Y)uv 


V{v) - c-(a{v,v),[3+{v))’ 
(a -on,/3- P+)\\x < N 0 , 

^2v(y(v) + 1) + ^ J v ' 3 ^{ v ')dv'^+ 0 (v 2 ), 


dt A(3 u 2 — v 2 ) 

du ’ 6k(c+q — c_o) 


< C(Y)u 3 


provided e is sufficiently small depending on No, Y. 
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5. Construction 

As outlined in the end of section [3] we solve the free boundary problem using an iteration. 
In the first subsection we specify the form of the boundary functions to be iterated and the 
corresponding function spaces. Then we establish the inductive step of the iteration. In the 
subsecond section we show convergence. 


5.1. Inductive Step. We recall briefly the strategy of the iteration. We start with the boundary 
functions corresponding to the m’th iterate (z m , /3+, m , V m ). We then solve the corresponding 
fixed boundary problem using the result from the previous chapter. The solution of the fixed 
boundary problem provides us with the functions a+ jm +i, f m + 1 , g m + 1 - Using f m +i, ffm+i we 
solve the identification equation, the solution of which we denote by z m +i. Using then 
z m +1 in the jump conditions we obtain /3 +im+ i, V m +i- We have thus obtained the boundary 
functions corresponding to the (to + l)’th iterate (z m +i, U m +i). This concludes the 

iteration. 

The input for the construction problem are the following assumptions for the boundary func¬ 
tions Z m , V m ' 

(609) z m (v) = vy m (v) with y m { 0) = -1, 

(610) P+,m{v) = fy) + u 2 /3+, m (u) with /3+, m (0) = ^ ’ 

(611) V m (v) = c+o + ^(1 + y m {v))v + v 2 V m {v), 

with y m ,f3 +im £ C , 1 [0,e], V m £ C°[0,e]. A, k and (d/3*/dt)o are given by the solution in the 
maximal development. We recall (see HMD, ©m» 


(612) 


_ / d 2 r* \ 
V dwdt J, 


A = —i 


We choose closed balls in the function spaces as follows 



(613) 

By = - 

fGC 1 [0,s]:f(0) = -l > 




(614) 

b 5i = - 

yec 1 [o,e]:/(o ) = A 

(dp* \ 

\ dt ) 0 ' 

df_ 

dv 

< fyj 

(615) 

Bs 2 = {/ £ C°[0,£] : I/I < S 2 }, 





where Y, Si, 5-2 are to be chosen appropriately. 
We initiate the sequence by 


(616) 


yo ■= -i, 




Uo := 0. 


Proposition 5.1. Choosing the constants Y, Si, 62 appropriately, the sequence (( y m , /3+, m , V m )\ m 
0,1, 2,...) is contained in By x B $ 1 x B$ 2 , provided we choose e suitably small. 


Proof. We see that 

(617) {y 0 ,/3 +t0 , Vo) S By x Bg 1 x B$ 2 . 

The inductive hypothesis is 

(618) y m £ By , m Vm £ B§ 2 . 

Therefore, 

dy m 


(619) 


sup 

6[0,e] 


dv 


< Y. 
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In the arguments to follow q > 0 will denote a number which we can make as small as we 
wish by choosing e suitably small. From y m ( 0) = — 1 we obtain 

(620) \y m (v) + 1| < vY < q. 

In the following we use the notation g(v) = Od(v n ) to denote 

(621) \g(v)\ < C(d)v n , 

where the constant C is a non-negative, non-decreasing, continuous function of d. 

From (16101) and (161 ID we get 

d @+’ m r..\ _ /oo.\ V m (y) = c+o + ^(1 + y m {v))v + Os 2 (v 2 ), 


(622) 


-(v)=0(v), 


dv V-/ - VW, -V-/ T_V 2' 

provided that e is sufficiently small. This can be seen as follows. The statements (15551) are 
equivalent, respectively, to 

^ V m (v) - c+o - ^(1 + y m (v))v < C(S 2 )v 2 . 


(623) 


dv 


'-(v) 


< Cv, 


From the inductive hypothesis (16181) we have 

A 


(624) 


P+,m(v) - 


6 K 2 


<9/3* 

dt 


< v8\, 


which implies 

(625) \P+,m{v)\ < C 

for a fixed numerical constant C if we choose e sufficiently small. Using this in (see (16101) 1 


(626) 
we obtain 
(627) 


1 d/3+,m , \ 0 A / \ . dp+ m . . 

--7 {v) = 2 P+,m{v) + v— - (v) 

v dv dv 


1 d/3+,r 


v dv 


'■(v) 


<C + v5!<C 


The second of (16231) 


if we choose e sufficiently small. This is equivalent to the first of 
follows directly from the inductive hypothesis. 

Recalling the definition of No in the fixed boundary problem (see (13411) ... . . (13491) 1. we note 
that since the constant in the first of (155311 is a fixed numerical constant, also No is a fixed 
numerical constant. 

We now apply proposition 14.21 with (y m , /3 +>m , V m ) in the role of (y,/3 + ,V). The resulting 
solution we denote by (a TO +i, /3 m +l, t m +i, We also denote 


(628) 

(629) 

(630) 


fm+ i(v) 
9m+i(v) 
^+,m+1 (l^) 


= t m+ i{v,v), 

= r m+ i(v,v) - r 0 , 
= a m+1 (v,v). 


From the solution of the fixed boundary problem we have 


dfm+i . .A A 

(631) —- S?” = IS? 


2 v(y m (v) + 1) + 


1 


r /3 dy m i 
dv 


(v')dv' ^ + Os 2 {v 2 ). 


Defining the function f m +i by 
(632) 

we deduce 

dfm +1 


/m+l(p) — P fm+ l(^)) 


dfm +1 / , 1 

(V) = ~2 

V 


dv 


(633) 


A 


18k 2 u 2 


, (v) - f m +l(v) 

dv v 


2 v(y m (v) + 1) + 


'v*^{v')dv , --(A m + B m )\+0 Sa (l), 

dv v 
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where 

(634) A m := f 2v'(y m (v') + 1 )dv' i 
Jo 


Bm. '■= 


1 

?/2 


v " 3 ^( v ") dv " 

dv 


dv' 


and we used (16311) . Integrating by parts we obtain 
(635) 


= v 2 (y m (v) + 1 ) - J v ,2 ^-(v')dv', 
This implies 


/3 dy m . , 


Bm — / V . 

V In dv 


/ / I f 12 dym / /* , / 

(u )afe + v ——(u )dv . 
Jo dv 


(636) 

Hence 


dfm+ 1 /\ A 

» = 


/3 dy m { i 


dv 


6 k 2 v 4 


(637) 


dfm+ 1 

dv 

Defining the function S m 

(u) by 

(638) 


S m {v) ■= 

we obtain 



(639) 

d$rn-\- 1 / \ 
dv (v) = 


» 


< 


dv 

\Y 

24k 2 


(t/)dt/ + 0 4 ,(l). 


+ C(5 2 ). 


dfm+l 

dv 


( v )■ 


Remark 9. The appearance of the indices to and to + 1 originates from the basic strategy (see 
(13021) ') in which the solution of the fixed boundary problem carrying the index to + 1 satisfies 


(640) 


dfm+i , s T/ / n dg m +i , n 

-(v)Vm(v) = — - (V). 


dv dv 

This confusion did not appear up to now since we dropped the index to from the outer iteration 
during the solution process of the fixed boundary problem. An analogous situation appears 
when evaluating the function (3 m +i on the boundary u = v. There we have 

(641) (} m+ i(v,v) =/3 +>m (v), 

since /3+ irra is the boundary value for the fixed boundary problem whose solution carries the 
index to +1. The function /3 _|_ jT71 +i is determined later on by making use of the jump conditions. 
The appearance of the indices m and to + 1 in (16311) are explained in the same way. 

We define the function <p(v) by 


(642) 


, / \ df m +1 / \ A 

4>m+l{v) := — - (v) - — 2 V. 

dv 6 k. 


We split up the function <5 m+ i(u) according to 

(643) S m +i{v) = 6 0 (v) + Si(v), 

where the functions 6q(v) and <5i(u) are given by <5 q( 0) = 0, ^i(O) = 0 and 


(644) 


dS o A / w 2 

~r(v) = —(1 + y m (v))v 2 , 
dv O K 

dS i , , (^ k , ss \ A 

dv 


(v) = {v m {v) - C+o - ^(1+ y m (v))vj -A-^V + {Vm(v) ~ C +0 )(/) m+1 (v). 


(We make use of V m (v ) = c + o + § (1 + y m {v))v + Os 2 (v 2 )). Defining the functions 5i(v), i = 0,1 
by Si{v) = v 3 Si{v) we get 


d§o 1 ddo , . 3 

— W = — — («)“ 71 W 


dv 


v 3 dv ' ’ v* 

_A_ f 1 + y m (v) _ _3_ 

6k I v u 4 


(1 +ym(v'))v ,2 dv' 
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(645) 


/3 dy m t , 


6 kv 4 


dv 


(v')dv', 


where we integrated by parts. 

From V m (y) - c+o = f (1 + y m (v))v + Os 2 (v 2 ) we have (see (16201) ') 


(646) 


| Vm(v) - c+o| < - v 2 Y + C(S 2 )v 2 . 


Together with (see the right hand side of (16311) ) 

(647) \<t>m+i(v)\ < CYv 2 + C(S 2 )v 2 , 
we obtain 

(648) \V m {v) - c + 0 \\cp m+ 1 (v)\ < CY 2 v a + C( 8 2 )Yv A . 
Therefore, for e sufficiently small, 


(649) 

Using this in 

(650) 

we deduce 

(651) 

Using 

(652) 

Hence 

(653) 


dSi 

dv 


0 ) 


<C(S 2 )v 3 , |5i(u)| < C(8 2 )v a . 


dS i . . 1 dSi . . 3 . . 

— («) = 3 — («) - 71'*i(«) 


dv 


v 3 dv 


<Bi, . 

*r w 


< C(J 2 ). 


(ESB we arrive at 


dw 


(v) = -Y f v , 3 ^j^(v')dv' + Os 2 (l). 
d Hcv Jq dv 


dS, 


ra+l 


dv 


(v) 


\Y 


(654) 


In view of AMID , A53SD , AMID we have 

ddm+i 


dv 


(v) 


<C(Y,8 2 )v 3 . 


Therefore, in conjunction with 5 m +i(0) = g m + 1 ( 0 ) — c+o/ m +i(0) = 0, we have 

(655) \ 8 m+ i(v)\<C(Y, 8 2 y, 
which implies 

(656) <5 m +i(0)=0. 

Now we look at the identification equation, i.e. at 

(657) 9 m+i(v) + r 0 = r*(f m+ i(v), vy m+1 ). 

Here the function on the right hand side is the solution r* (t, w ) given in the maximal development 
(recall that we set to = wq = 0 ), while the left hand side is given by the solution of the fixed 
boundary problem (The identification equation is an equation for y m + 1 as a function of v given 
the functions g m . (-i(n), f m +i(v)). We have 

(658) 9 m+i(v) = S m+ i(v) + c + 0 f m+ i(v) = v 3 5 m+ 1 {v) + c + 0 v 2 f m+ 1 (v). 

In the following discussion of the identification equation we will omit the index m + l. We define 
the function 


h(t,w) := r*(t,w ) - r 0 - ( 


/ dr* 
\~dt 


t — 


d 2 r 


dt 2 


t 2 ( d 2 r* \ 

~2 ~ \dtdw) 0 tW 
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(659) 
Thus 

(660) 


d 4 r* \ w 4 f d 3 r* \ tw 2 f d 3 r*\ w 


dw 4 J o 24 \ dtdw 2 ), 


V dw 3 / 0 6 


r*{t,w) = r 0 + 


dr* 

~di 


t + 


d 2 r* \ t 2 


+ 


/ d 2 r* \ 
\ dtdw J c 


tw 


fd 4 r*\ w 4 ( d 3 r* \ tw 2 fd 3 r*\ w 3 ,, 

+ {'d^) 0 M + [dW^) 0 ~ + ['d^) Q ~6 +h ^ w) - 


Remark 10. The function h(t,w) is introduced in order to represent the terms 0(v k ) for k > 5 
in the expansion of r*(t, w), when v 2 f(y) for t and vy for w are being substituted. We use 


(661) 


dr* 

dw 


d 2 r* 


dw 2 J, 


i = 


0 . 


Let now 

(662) F(v,y) := g{v) + r 0 - r*(f(v), vy). 
The identification equation becomes 

(663) F(v,y)= 0. 

Using now 


(664) 


dr* 

~dt 


— c+o, 


/ d 2 r* \ 

V dwdt J ( 


/ g3 r *\ 

I dw 3 J 


A 

7 

K 


and expressing (t,w) in terms of v and y according to t = f(v) = v 2 f(v ), w = vy and making 
use of (165811 the function F(v,y) becomes 

F(v,y ) = -r~v 3 y 3 — nv 3 f(v)y + v 3 S(v) 


6 K 


(665) 


d 2 r* 

~dF 


fF ^^ 2 (d 4 r*\ y 4 v 4 ( d 3 r* \ y 2 v 4 f{v) 2£ 

( f{v] ) — h{v m ' vy) ’ 


We note that 

(666) h(v 2 f(v),vy) = v 5 H(f(v),y), 

where R is a smooth function of its two arguments. 

Defining the function F by the relation 

(667) F(v, y) = v 3 F(v, y), 
is equivalent to 

A 


( 668 ) 

where the remainder R is given by 
' d 2 r* 


F (v, y) = -^y 3 - Kf{v)y + S(v) + vR(v, y), 


(669) R(v,y):=- 


dt 2 


(/ 0 )) 


9 4 7'*\ y 4 f d 3 r* A y 2 f(v) 


vH(f(v),y). 


dw 4 J 0 24 \ dtdw 2 J , 

The identification equation is now equivalent to 
(670) F(v,y) = 0. 

At v = 0 this becomes (we recall that 5(0) = 0 and note that /(0) = X/6n 2 (see (16311) . (16321) 11 

A 


(671) 


6k 


y(y 2 -1) = o. 


The only physical solution is y = — 1. We set vq := 0, yo := —1. We now see that 
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Therefore we are able to solve the identification equation for y as a function of v for v small 
enough. We have 

\y\ < c. 

implicitly yields 

dF. 


(673) 

Differentiating 


(674) 


We have 


(675) 

dF 

dy 

(676) 

dF 

dv 


?(„) = - M- 

dv dF 

dy 


Ml/M) 


Ml/M) 


\ * OR 

( v , y ) = ^ V 2 - nf(v) + v—(v,y), 

, . df dS OR, 

Ml/) = -ny—[v) + —(v) + R[v,y) +v—{v,y). 
dv dv dv 

We first derive bounds for the remainder R and its derivatives of first order. From (1G37I) we 

have, for e small enough, 


(677) 

Therefore, 

(678) 


I/Ml < c, 


df, x 

v Tv {v) 


< c. 


d R 


<c, 


dR 

v-^-(v,y) 

dy 


<C, \R(v,y)\ < C. 


We now examine (16741) . Using (16751) we find for the denominator 


dF dF 


< ^:\y 2 - i| + *1/50 - /(o)| + w 


dR 


dv 


(679) 

Now, for small enough e, we have 

(680) | y 2 - 1| = \(y + l)(y - 1)| < C\y + 1| < CYv < CM 


Ml/) 


I/M - /(0)| < sup 

v'£[ 0 ,?;] 


(681) 

which, together with the second of 
(682) 


df l a 
dv 


< CYv + C(5 2 )v < Cv*, 


dF dF 

■~-Mi/) - - 5 -M,yo) 

dy dy 


implies 

< Cv*. 

Now we look at the numerator of (16741) . Making use of (16761) we get 
(683) 

From (16371) together with (16201) we have, for small enough e, 


dF. . df dS . . 


df, ^ 


dR, . 

-~-Mi/) - k-^-M - -j-M 

ov dv dv 

< K 

4- M 

dv 

\y + 1 ! + \R{v,y)\+v 



(684) 


df, x 

-j-M 

dv 


\y + i\<C. 


Together with the first and the third of (16781) we obtain 
(685) 

which implies, through (16361) . (16521) . 


dF df dS 

-o-M y) = K -f( v ) + -pM + C’( 1 ), 

ov dv dv 


IM'sM ^t {V ' )dV ' + ° sAiy 


( 686 ) 
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Substituting (168611 for the numerator in (16741) . using the estimate (16821) together with (I672D 
for the denominator in (16741) and putting back the indices m and m + 1 we arrive at 


(687) 

where 

( 688 ) 


dym+i 

dv 


( v ) = 


„/3 d-Vm / /\ > / 


d(l - £ m (v)) Jo dv 


v')dv' + Os 2 ( 1 ), 


\£m(v)\ < Cv 2 . 

Taking the absolute value and then taking the supremum over v G [0, e] yields 


(689) 


sup 

uG[0,e] 


dym -\-1 


dv 


0 ) 


< 




1 -C£2 


t + C{5 2 ). 


Choosing then e suitably small such that 
(690) 


* 2 ’ 


where C is the constant appearing in the denominator of (16891) . we obtain 


sup 

u€[0,e] 


(691) 

Therefore, choosing now Y = 2 C"(^ 2 ) 

(692) 

Remark 11. Y depends on S 2 - 


<^Y + C(S 2 ). 


sup 

vG[0,£] 


dy. 


ra +1 


dv 


0 ) 


< Y. 


In the following we will establish closure for the iterations of the functions /3 m , V m . The balls 
for the respective iterations have been chosen according to (16141) , (16151) . Since there are no more 
indices m to appear, only indices m + 1, we will omit in the following the index m+1. We have 

(693) Y = Os 2 ( 1). 


From (I637D it follows (using /(0) = A/ 6 k 2 ) 

(694) ^L(y) = 0 &2 { 1), f(v) = ^ +Os 2 (v). 
This implies, through (16321) and the first line of (I633D . 

(695) fw=3+ 

(696) f(v) = -^Yv 2 + Os 2 {v 3 ). 


From z m+ i(v) = vy m +\{v) we obtain 

tv {v) = v t {v) + 9(,,) 

(697) = -l + 0 4 ». 

Therefore, 

(698) z(v) = —v + Os 2 (y 2 ). 
Now we look at the asymptotic form of (3-(v). We have 

(699) P-(v) = P*(f(v),z(v)), 


where the function on the right is / 3*(t,w) from the state ahead (i.e. given by the solution in 
the maximal development) and we recall that to = wq = 0. We have 





( 700 ) 
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Expanding (d/3*/dt)(t, w) to first order and substituting t = f(v), w = z(v) we obtain 


(701) 


83 * 

-^(f(v),z(v)) 


- f^\ _ ( d2/3 * \ 


dt J 0 \ dtdw J, 


v + Os 2 (v 2 ), 


while expanding (83*/8w)(t,w) to second order, substituting t = f(v), w = z(v) and using (see 

(EHSD) 


(702) 
yields 

(703) 

Therefore, 

(704) 
Hence, 

(705) 


=0 

8 w 1 


8 2 3* 

8 w 2 


= 0 , 


83 


(8 2 3*\ X , 1 (8 3 3* 
o 


a»< / (”)'"(’') ) = HSaS)„^ + 5(a^ 

d.3 . . . f 83*\ X 


+ Os 2 (v 3 ). 


dv 


iv) = 


dt J 0 3k 2 


+ Os 2 (v 2 ). 


3-(v) = 3o + 


dp*\ A 2 , 3 x 

' v 2 + Os 2 (v 3 ). 


dt ) 0 6 k 2 


Now we find the asymptotic form of ct-(v). From 
(706) a-(v) = a*(f(v),z(v)), 

we have 


(707) 


isf 1 < v > = w (f(v) ’ + zM) t {v] - 


Expanding now (da*/8t)(t,w) and (da*/8w)(t, w) to first order and substituting t = f(v), 
w = z(v) we obtain 


(708) 

(709) 

Therefore, 

(710) 
Thus, 

(711) 


da- 

dv 


da* 

dt 

da* 

dw 


(v) = 


f da* \ (d 2 a*\ 




(f(v),z(v)) = d 0 - 


dw 2 


8 2 


a 


da* 


dt J 0 3k 2 V dw 2 


v + Os 2 (v 2 ). 


v + a 0 —(vy(v)) + Os 2 (v 2 ). 
dv 


. . /da* \ A (d 2 a* 

a-(v) = a 0 + a 0 vy(v) + < -r— + 


dt ) 0 3k 2 V dw 2 


y + Os 2 (v 3 ) 


= a 0 + d 0 1 >y(v) + 0 (v 2 ), 


where the last equality holds provided we choose e suitably small. 
We now deal with the asymptotic form of a+(u). From 


(712) 

we obtain 

(713) 


da dt ~ 

- = - A{a ,l3,r) 


a + (v) = a(v,v) = ai(v) + 


fa 

fa/ 


A(a,3,r) (v,v')dv', 


where we made use of a(i;,0) = ai(v). This implies 
da+ 
dv 


dai 


dt 


(v) = — (v) + ( —A(a,3,r) ) (w,r;) 


dv 
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f d 2 t 


A(a,/3,r) 


(714) 


\ dudv 

dtfdA da dA <9/3 dA dt 


The solution of the fixed boundary problem satisfies (see proposition 14.21) 


(715) 


dt . A 

lfv {n - V) -3^ V 


< Cuv, 


dt A(3 u 2 — v 2 ) 

<9zt ’ 6 a(c+q — c_o) 


< Czz 3 . 


Here the constants depend on Y and <52- Therefore (cf. (16931) 1. 
(716) 

The first implies 


dt A 

= ^3 w + C ’«52( w ) ; 


A(3zt 2 - z; 2 ) 3 

--(«,«) = r - ?-+ ^ 2 (« 3 )- 

aw d/^(c_|_o — c - o ) 


(717) 
From 

(718) 


/at 


V dv 


A 


—A(a,/3, r ) (v, v) = —A 0 v + Os 2 ( v 2 ). 


3 K 2 


d 2 t dt dt 

dudv ,J 'dv +V du 


we deduce, together with (I71GI) and (cf. (14841) . 


(719) 
that 

(720) 


H(u,v) = 


c+ 0 — C-o 


+ Os 2 {u), v{u,v) = Os 2 {v), 


d 2 t 


(v,v f ) = 


A 


’ + 0s 2 (v 2 )=0( v), 


dudv x ’ ' 3/«(c+o — C-o) 

where the second equality holds provided we choose £ small enough. Therefore 


(721) 


/ 


/ d 2 t 
\ dudv J 


A(a,/3,r) ) (v,v')dv' = 0(y 2 ). 


>(v, v')dv'. 


Using the first of (17161) we find 

(722) J" (^(...)) (v,v')dv' = 0(v 2 ), 

where we denote by (...) the bracket in the last line of (17141) . We conclude from (17171) . (17211) . 
(I722D that 


(723) 

which implies 

(724) 


da + dai AH 0 f ^ 


a+(*0 = cti(v) + + Ox 2 (v 3 ) 


= ai(v) + 0{ v 2 ), 


where the second equality holds provided we choose £ small enough. 

We now turn to the jumps [a(z;)], [/3(zz)]. The first line of (17241) together with the first line of 
(17111) yields (note that A 0 = ( da*/dt ) 0 ) 


[a(v)} = d 0 (l - y{v))v - 


dw 2 


+ Os 2 (v 3 ) 


(725) 


= do(l — y(v))v + 0(v 2 ), 
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where the second equality holds provided we choose e sufficiently small. Using now (155311 . i.e. 

(726) [/ 3(v )] = [a(t))fG(a + («), a~(v), fi-(v)) 

we get from (17251) 

(727) \p(v)\ =8G 0 a 3 0 v 3 + Os 2 (v 4 ), 

where 


(728) Go :=G(a+(0),a_(0),/?_(«)) = G(a 0 ,a 0 ,Po). 


Therefore, in view of (17051) . we get 

(729) p +(v) = /3o+ (^pj^ v ^ + o S2 (v 3 ). 

From (3+(v) = 0o + v 2 $+{v) we have 


(730) = - >+<»>- M + 

Taking the derivative of (17261) we obtain 

(731) 

^ [/5(^)] = ^3 [a(v)] 2 jj- [a(u)]^ G(a+(v),a-{v), (3-{v)) + [a(u)] 3 ^(a+(i>),a_(v),£_(u)). 
From (16971) . (I710L (17251) we have 


(732) ^-[a(v)] = 2a 0 + O S2 (v). 
Using this together with (17251) in (17311) we obtain 

(733) \p(v)] = 24Godgp 2 + (n 3 ). 


Using now (17041) we find 


(734) 


d/3+ (dp*\ A 2 

) = >• 


Therefore, substituting (172911 . (17341) into ( 17531 ) . we conclude (putting back the index to + 1 ) 


(735) ^±^±l {v) = 0s2 (l). 

dv 

We now find an expression for the asymptotic form of V m +\(v). We again omit the index 
to + 1 for now. We have (see (11691) 1 


(736) 

We rewrite the numerator as 



[T tr ] = T tr (a+,(3+) - T tr (a!_,/3_) = T‘> + ,/? + ) - T tr (a+,[ 3_) 

(737) +T tr (a + ,/3-)-T tr (a-,(3 _). 

We expand 

(738) T tr (a+, /3 + ) - T tr (a+,/3 _) = ^(a+, /3_) [/3] + O ([/3] 2 ) 
and 

ft'T'tr 1 pjlryitr , v 

(739) T^a^/U) - T*>_,/3_) = ^-( a+ ,/3_) [a] - -^(a+,/3_) [a] 2 + 0 ([a] 3 ) . 
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Similar expressions hold for the denominator of 1173011 . Using [/3] = [a] 3 G(a+, a_, /3_) (see 
(12231) 1 it follows 


V = 


dT tr 

da 


1 pilrptr . . 

(a + ,/3) - £ — («+,/?) [a] + O ([a] 2 ) 


(740) 


g a (a+,P-) - |^ r (a+,/3_) [a] +0 ([a] 2 ) 

f) r ptr 1 f&rntr 

-(a + ,/3_)--^^(a + ,/3_)[a] 


9a 


9T“ 1 d‘ 2 T tt 

-(a + ,/3_)-- —(a + ,/3_)[a] 


0 


([«] 2 ) , 


9a ’ 2 9a 2 

where for the second equality we used dT tt /da ^ 0, which follows from the first of (11841) . We 
now use the first of (11861) . i.e. 

dT tr g T tt 

= c+- 


da 
1 9c 4 


da 


(741) 

which implies 

(742) U = c + (a + ,/3_) - ~^(a + ,/3_) [a] + O ([a] 2 ) . 

We look at c+(a+, /?_). We have 

(743) -^c+(a+{v), /3-{v)) = ^{a+{v),/3-(v))^-(v) + ^±(a+(u), (3-(v))^-(v). 

Using ( d/3-/dv) 0 = 0 we obtain 

dc + 
da 

(744) 


(«+(«>,M«)) = 0±) + {(^) (£) + (^) o (^)U + fV ) 


K / 9 2 C + \ . 

= — + —^ a 


do V da 2 J, 


a 0 v + 0(v ), 


where we also used (9c+/9a) 0 = n/a q. We also have 


(745) 


9c. 


-^(a + (n),/3_(n))= +0(v). 


9/3 


9c 4 


9/3 


Using now (17441) and (17451) together with the asymptotic forms of da+/dv , d/3-/dv given by 
(EH, (HMD respectively, we obtain 

d , . \ _ / x \ K/ doti , , 

—c + (a + (v),P-(v)) = — — (v) 
dv ao dv 


(746) 

Therefore, 


A I kAq 
3ft 2 \ do 


9c+ 


9/3* 

~dT 


c + (a + (u),/3_(u)) = c +0 + —(«»(«) - a 0 ) + d 0 

ao 


(747) 

where we introduced 

(748) 


A J kAq 
6 k 2 1 do 


( ^±\ 
V da 2 y ( 

9c+ 


(a*(n) - oTi(v))v 


9/3* 


n 2 + Os 2 (v 3 ), 


_ i r v 

aAv) — ai(v')dv'. 

v Jq 


Therefore, provided we choose e small enough, 

(749) c+(a + (u), /3-(v)) = c +0 + kv + 0{v 2 ). 
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Using (T7251I . (I7il) . (17151) in 1133) we arrive at 

(750) V(v) = c+o + |(1 + y(v))v + 0{y 2 ). 

Using now V(v) = (1 /v 2 )(V(v) — c+ o — (k/2)(1 + y{v))v) we deduce, putting back the index 

m + 1 , 

(751) Vm+i(v) = 0( 1), 

i.e. 

(752) sup \V m+ 1 {v)\ < C 

ue[0,e] 

for a fixed numerical constant C. Choosing now the size of the ball for the iteration of the 
function V m , i.e. 62 , to be equal to the numerical constant C appearing in (17521) we see that 
V m+ i £ Bs 2 . From (17351) we then have 


(753) 


sup 

vG[0,e] 


dp+, 


m +1 


dv 


( v) 


< C 


for a fixed numerical constant C. Choosing now the size of the ball for the iteration of the 
function i.e. <5i, to be equal to the numerical constant appearing in (17531) we see that 

P+,m +1 £ Bs x . From (I693D we get 


(754) 


Y < C, 


for a fixed numerical constant C. In view of (16921) this shows that y m +1 £ By. This concludes 
the proof of the proposition. 


□ 


5.2. Convergence. We define 
(755) 



dv 


For differences between successive members of the iteration we will use the notation A m f := 
fm — fm—i• For any sequence of functions /i m £ C 1 with identical values h m { 0) =: ho for any 
m we have 


(756) 

which implies 


A m h(v) = J ^A m h(v')dv', 


(757) 


\A m h\ < u||A m /i||x- 


5.2.1. Estimates for the Solution of the Fixed Boundary Problem. 


Lemma 5.1. Let (t m +i, r m+ i, a m +i, Pm+i) be the solution of the fixed boundary problem as 
given by proposition \4-ty corresponding to the boundary functions (z m , (3+, m , V m ). Then the 
following estimates hold 


(758) 

(759) 

(760) 


d^rn-\-l f , 


dv 

d^rn+ld 


< 7rrrll A ™y|LY + c \ SU P |A m U| +t)||A m /3 + || A - + v\\A m y\\x \, 


dv 


(v) 


24k 2 


A 


[0,i 


< 7 ^~\\A m y\\x + C < sup |A,„U| + v||A m /3+||x + v\\A m y\\x >, 


24k 


u° 


| A m+ ia + ||x < Cv 2 < sup |A m V| + v\\A m j3+\\ x + ||A m y||x > ■ 

[ [o,d I 
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Proof. The difference A m+ i t satisfies 


(761) 
where 

(762) 


d 2 A 


m +1 


t 


dA 


dudv 


' Mra+ 1 " 


m +1 


t 


dA. 


dv 


^m+l" 


m+ 1 1 


du 


— '—'m+ 1 ? 


dtm a dtm » 

^m+1 — “TJ ^m+1 ^ ^m+l/^- 


du 


dv 


In addition we have the boundary condition 


(763) 

<9A m+ it 1 dA m+1 1 

1 f M 

for u = v, 

dv 7 m+i du 

o ^m+1 l 1 

aw \ 7 / 

where 




(764) 

_ c+, m (v) -Vm- i(n) 

Tm t r / \ — 5 

Mn- 1 +) C—,m(+) 

£±,m (^0 = c+(a_|_ ?m 

{v),/3+,m-l{v)) 


and the initial condition 


(765) A m+ it(u, 0 ) = 0 . 

Before we study equation (17611) we estimate the difference A m +i(l/ 7 ) and the term 5 m+ i. 
We have 


(766) 



^m +1 

(c+ ,m+l V m ){c+ 

,m Vm — ! ) 


where 


(767) 1 — {Vm C—,m+l) (c+,m bn- 1 ) {Vm— 1 C—,m)(c+,m+l bn)- 

Remark 12. The mixture of indices in (17641) . (17671) arises because the index increases with the 
solution of the fixed boundary problem as described in the basic strategy. a+ and c± carry the 
index of the solution of the fixed boundary problem while +_ and V m carry the index of the 
data which goes into the fixed boundary problem. 


(768) 


We consider first the denominator of (17661) . From 

^C+,m 


dv 


dc+ . „ .doi+^m dc+ . . d/3+,m -1 

lj-^- r ^- 


together with ( dc+/da) 0 = n/d o and the asymptotic forms of da+ t7n /dv, dfi+^m/dv given by 
(I723D . (I734D respectively, we find 

(769) c+.miy) = C+o + KV + 0(v 2 ). 

Using this together with 

(770) V m {v) = c + o + 0{v 2 ), 


(recall that V m {v) = c +0 + f (1 + y m {v))v + v 2 V(v), y m {v) = -1 + <D(v )) we get 

(771) (c+,m+l - U m )(c + , m - Vm- 1 ) = K 2 V 2 + 0(v 3 ). 

We turn to the numerator of (17661) . We rewrite it as 

(772) UJm+l — (A m U A m+ iC_)(c+, m Vm — l) {Vm— 1 C_ jm )(A m+ iC+ A mV). 

We have 

(773) A m U(c+, m - Vm-!) = 0{v 2 \A m y\) + 0(v 3 |A m U|). 

Now we study the difference A m+ ic±. Since c± j 7 ra (n) = c±(a+, m (v), {3+ i7n -i(v)) we need to 
estimate the difference A m+ ia + . From (see the first of (13051) 1 

PV 

(774) A m+ i a(u,v)= / A m +i A(u,v')dv\ 

J o 
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we obtain 


|A m+ io;(u,u)| < Cv sup \A m +iA(u,v)\ 

T u 


(775) 


<Cv\ sup 

T u 


dA 


m+1 


dv 


+ V ( sup |A m+ ia| + sup I A m+ i/3| + sup |A m+i r| 

T u T u T u 


From this we deduce that for e small enough 


(776) sup |A m+ ia| < Cu < sup 

T u L T u 


dA 


m+1 


dv 


+ u ( sup I A m+ i/3| + sup I A m+ ir 


For the difference |A m+ ir| we integrate (13061) (cf. also (I337D ) to get 

dA m+ i t dt. 


A m+ i r(u,v) = J ^c_, 


— ,m+l" 


+ -r^A m+ ic_ ) (zz',0 )du' 


(777) 

which implies 

(778) 

|A m+ i7'(ti,u)| < Cu |sup 


C+,m+1" 


du 

dA m+1 t dt 


dv 


dA 


m+1 i 


du 


sup 

T u 


dA 


m+1 


dv 


+ -^-A m+1 c+j (■ u,v')dv 


+ u ( sup | A m+ ia| + sup | A m+ i/?| 


Using this in (I776D and choosing e sufficiently small we find 


(779) sup | A m+ ia| < Cu \ u 2 sup 


dA 


m+1 


du 


+ sup 

T u 


dA. 


m+ 1 L 


dv 


■MSup|A m+ i/9| ( . 


To estimate the difference A m+ i/3 we use (see the second of (13051) 1 
(780) A m+ i/3(u,v) = A m /3 + (v) + j A m+i B(u',v)du\ 

J V 

which implies 

\A m+1 /3(u,v)\ < |A m /3+(u)| +Cu\ sup 


dA 


m+1 


du 


(781) 

V T u T 

Using (17781) and choosing e small enough, this in turn implies 

(782) 


+ u 2 sup |A m+ ia| + sup |A m+ i/?| + sup |A m+ ir| 

' Tu 


sup |A m+ i/3| < sup |A m /3 + | + Cu \ sup 

T u [o,«] L Tu 

Using this in (I779D we obtain 


dA 


m+1 


du 


+ u ( u sup 

Tu 


dA. 


m+1 


dv 


+ sup | A m+ ia| 

Tu 


(783) sup | A m+ ia| < Cu < u 2 sup 


dA 


m+1 


du 


sup 

T u 


dA 


m+1 


dv 


- zzsup |A m /3 + | 

[o>«] 


provided that we choose e suitably small. For future reference we use this in (17821) which implies 


(784) sup \A m+1 /3\ < C sup |A m /?+| + Cu |sup 




dA. 


m+1 


du 


u 3 sup 

Tu 


dA 


m+1 


From (17831) we have 
(785) 

sup |A m+ ia + | < sup |A m+ ia| < Cv < v 2 sup 




T v 


T v 


dA 


m+1 


du 


sup 

T v 


dA 


m+1* 


dv 


dv 


■ v sup |A m /3 + | > . 

[o,«] I 
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It now follows for the difference A m+ ic± 

<9A m+ i t 


(786) 

Using this we get 


A m+ ic±| < C < v sup 


du 


v sup 

T„ 


dA m+1 t 


(787) |A m+ ic_(c+, m - U m _i)| < Cv < V 3 sup 


(788) |(U m _i - c_ jm )A m+ ic+| < C < u 3 sup 


dA 


m+1 


du 
dA m+ it 


du 


dv 


v sup 

T v 


■ v sup 

T„ 


+ sup | A m /3 + | > . 

IM I 


dA 


m+1 


dv 
dA m+1 t 


dv 


+ sup | A m /3 + | > , 

[0,-u] J 

+ sup |A m /3 + ] > , 

[o,«] I 


where for (17871) we used c +m — V m -i = 0{v) and for (17881) we used V m -\ — c_ m = c+o — c_o + 
0(v). 

The remaining part of the numerator of 
(789) 


(V m -! - c_ m )( A m V) = (c+0 c ~ o)ct a m y + 0(v 2 \A m y\) + 0{v 2 \A m V\). 


Using now (I773D . (17871) . (17881) . (17891) together with (I771D in (17661) we arrive at 


A, 


m+1 


C+0 C “° A m y + 0(\A m y\) + 0{\A m V\) + O ( \ sup |A m /3+| 


2 KV 


y2 [ 0 ,«] 


(790) 


1 


O - sup 

K V T v 


dA 


m+ 


dv 


+ O ( v sup 

T v 


dA 


m+1* 


du 


We turn to H m +i. For an estimate of this we need estimates for the differences A m +i /x, 
A m+ iv. From the first of (13171) we have 

(791) 


1 


dc 


: +,m+l 


(c+,m+1 C—,m+l) (c_|_ )7n C—,m) du 
which implies 

(792) 


^m+1 


(c+ - c_) + 


1 


<9A m+ ic+ 


C+,m C—,m 


du 


For the last term we use 
5A to+1 c + 


|A m+ i/z| < C |A m+ ic+| + |A m+ ic_| + 
dA m+ ia da 


9A m+ ic + 


du 


du 


(793) 


dc + 

da 

+ 


du 


+ 


du 


A. 


m+1 


m+1 

dc +^ dA m+ if3 + dfr 

m+1 


dc + 

da 


dP /, 


du 


du 


■A. 


m+1 


dc + 

~dp 


For the partial derivatives of c+ with respect to a , /3 we have 


A f dc A 


A f d °A 

m+1 V da ) 

5 

Am+1 ^ d/3 ) 


(794) 

For the partial derivative of (3 with respect to u we use the second of 

dA m+ i ° 


(795) 

which implies 

(796) 


du 


< C {|A m+ ia| + |A m+ i/3|} . 

_3)- Fe. we have 

= A m +i 13, 


dA m+1 /3 


du 


< C 


dA m+ i t 


du 


' A m _j_ia| + \ A m+ i(3\ + |A m+ ir|^ 1. 


Using (I794D . (I796D in (17931) and the resulting estimate in (I792D we obtain 


(797) 


^m+1 y\<C { |A m+ ia| + \A m+1 /3\ + u 2 \A m+1 r\ + 


dA 


m+1 L 


du 


dA m+ ia 


du 
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For the term involving the partial derivative of a with respect to u we use 
(798) 


which implies 
5A m | 1<T 


5m 




a m (u,v) = ai(u)+ A m (u,v')dv', 
Jo 

dA\ dA m+ ia da 


du 


du 


m+1 

dA\ dA m+ i/3 d/3 


a / dA 
A m +i | —— 

da 
dA 
5/3 


cM\ 

dr J 


+ U/3 )m +1 du + du Am+1 \dp) + Vdr 

dt m (fdA\ A fdA\\ 

+ (w m+1 m+lC - +c “’ m m+1 (*) J 


m+1 


dA m+1 t 


(799) 

We rewrite this as 

(800) 


^ d A m+1 t dt m ~ [ i\ji 
+ + audv Am+tA \^ ' )* ■ 


^^m+1^ 

du 


!>v 9 

(u,v) = / ’S^Ii(u,v')dv l 

i= 1 


where the 1^ denote the nine terms appearing in (179911 (the (...) bracket counting as two terms). 
The first term we will absorb on the left hand side. For I 2 we use 


a I dA 
Am+1 1 da 


(801) 

which implies 

(802) 
r v 

^(m, v’)dv‘ 


< 


< 


dt. 


m+1 


dv 


A ( dA 

Am+i U« 


dA \ dA m+1 t 
da 


dv 


C | u^|A m+ ia| + |A m+ i/3| + |A m _)_ir|^ + 


dA m+ it 


dv 


<Cv\v[ sup |A m+ ia| + sup|A m+ i/?| + sup|A m+ ir|) + sup 
( ^ T u T u T u ' T u 


dA m+1 t 


dv 


For I 3 we use 

(803) 

Using now (17961) this implies 

(804) 

h(u, v')dv' < Cv 2 | sup 


(dA\ 


^m +1 

f5A\ 

\ d PJm+ 1 


5m 



< Cv. 


5A m+1 f 


du 


2 ( sup|A m+ ia| + sup |A m+ i/3| + sup |A m+ i 7 *|) . 

V T„ T„ T„ ' J 


J 4 can be treated in the same way as I 2 . For 1 5 we use (18031) with r in the role of /3, which 
implies 

f V T , a J / ^ ^ 2 _ 5A m+ it 
/ h(u,v)dv 
Jo 


(805) 

For Jg we use 

(806) 

which implies 
(807) 


< Ctr sup 

T„ 


5m 


5t m 



5f m 

^m+1 

^5A\ 


U + m+1 


5m 

5m 

K dr ) m +1 


16 + v')dv 


< Cu 2 v , 


< Cu 2 v 2 l sup | A m+ ia| + sup | A m+i / 

T„ Tn. 
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For I 7 we use 


(808) 

which implies 
(809) 

/ 7 (u, v')dv 


m +1 


dA 

dr 


< C 


dA m+1 t 


< Cu v sup 
T u 


dv 


dA m+1 t 


; ^|Am+io) + |A m+ i/3| + |A m+ ir|^ , 


dv 


+ v( sup |A m+ ia| + sup \A m+ ij3\ + sup |A m+ ir|) ^. 

' T.. T.. T.. J 


For Is we use 

d 2 A m+1 t 


dudv 


— ^m +1 /^ra+ 1 " 


dA m+ it 


dv 


+ Vm+\- 


dA m+1 t 


du 


(810) 

From 

(811) 


dt m a dt m a ^^ra+1^ 

^m+ 1^ ~~Qy~ Mm+1 7^ r k'm+l 7^ • 


From this it follows that 
d 2 A m+1 t 


dudv 


<C< v\A m+ iii\ + u 2 \A m+1 v\ + 


dA m+1 t 


dv 


dA m+1 t 


du 


which implies 
(812) 

f I s (u,v')dv' 
Jo 

For Jg we use 
(813) 

which implies 


<Cv\ v sup |A m+ i/x| 4- u sup |A m+ ii/| + sup 
T u T u T u 


dA m+ it 


dv 


■ v sup 

T u 


dA m+1 t 


du 


d 2 t 

U b rn 

< 

dt m 

L 

dt m 

dudv 

f^m n 

OV 


OU 


< Cu, 


(814) 


J Ig{u,v')dv' < Ouv I 


< Cuv < sup I A m+ ia| + sup | A m+ i/3| + sup | A m+ ir| \. 

I T u T u T u 


Using the estimates for the integrals of I 2 ■ ■ ■ Ig in (18001) , taking the supremum of the resulting 
estimate in T u and absorbing the term involving 1 1 on the left hand side it follows that for small 
enough e we have 


sup 

T u 


d^rn-\- 1 ^ 


du 


< C{ u 2 ( sup | A m+ ia| + sup \A m+ i/3\ + sup |A m+ ir| 
T u T u T u 


(815) 


+ usup 
T u 


dA m+1 t 


dv 


u 2 sup 

T u 


dA m+ i t 


du 


+ u 2 sup \A m+ iii\ + u sup \A m+1 v\ >. 

T u T u 


Using this estimate in (17971) it follows that for e small enough we have 


sup I A m+ 1/L4| < C\ sup I A m+ ia| + sup | A m+ i/3| + u 2 sup | A m+ ir| 


(816) 


74 sup 

T u 


dA m+1 t 


dv 


sup 

T u 


dA m+1 t 


du 


+ 74 d SUp|A m+ i4/| y 
T u 


To get an estimate for A m+ iis we apply a similar procedure. The estimate (17921) is replaced 

d A rn g-lC— 


by 

(817) 

Using now 

(818) 


|A m+ ii/| < C ^ |A m+ ic + | + |A m+ ic_| + 


dv 


dv 


— Am+iA, 
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it follows that in the role of the estimate (17971) we have 
(819) |A m+ i^| < C < | A m +ia| + |A m+ i/3| + zi|A m+ ir| + 


dA m+1 t 


dv 


dA m+1 /3 


dv 


(820) 


Now for the estimate of dA m+ i/3/dv we use 
d/3 m +i d/3+ 


~ B m +1 + 


1 , , 


dv 


(u 1 , v)du'. 


dv dv 

This follows from the second of (13051) integrated with respect to u from u = v up to u. Using 
this we get for the difference dA m+ i(3/dv terms which are analogous to the ones in (17991) {A 
replaced by B , d/du replaced by d/dv ) but in addition to the integral we have the terms 

(821) dAmP+ 


dv 


- A. 


ra+1 


B. 


For the second difference in (18211) we use (17951) . (17961) . It follows 


sup 

T u 


dA m+1 /3 


dv 


< sup 

[0,u] 


dA m fi + 


dv 


+ C\ir \ sup | A 

m +i a l + SU P |A m+ i/3| + sup |A m+ ir| 

T„ T u T u 


(822) 


usup 

T u 


dA m+1 t 


dv 


sup 

T u 


dA m+ i t 


du 


+ u 2 sup I A m+ in\ + u 3 sup \A m+ iv 
T„ T u 


Therefore, for e small enough, we have 


sup \A m+1 v\ < Cl sup |A ro+ ia| + sup |A m+ i/3| + usup |A m+ ir| + sup 


[0,k] 


dA m p + 


dv 


(823) 


sup 

Tu 


dA m+ i t 


dv 


sup 


dA m+1 t 


du 


+ u 2 sup |A m+ ip| 

Tu 


From (18161) . (I823D together with (I778D we obtain 


(824) 


sup | A m+ i/z| < C< sup |A m+ ia| + sup | A m+1 /3\ + u 3 sup 

Tu [ Tu Tu [0,u] 

dA m+1 t 


dA m p + 


■ it sup 
T„ 


dv 


dv 


sup 

Tu 


dA m+1 t 


du 


sup |A m+ ii/| < Cl sup |A m+i a| + sup |A m+ i/3| + sup 

Tu [ Tu Tu [0,u] 

dA m+1 t 


dA m f3 + 


(825) 

Substituting now (17831) . (17841) we get 


- sup 

Tu 


(826) sup |A m+ i/r| < U < u sup 

Tu I [o, u ] 


dA m /3 + 


(827) sup \A m+ iv\ < C < sup 
Tu I [0,u] 


dv 
dA m /3 + 


u sup 

Tu 


dv 


dA m+1 1 


dv 


sup 

Tu 


dA m+ i£ 


dv 


+ sup 
T„ 


dv 
dA m+1 t 


sup 

Tu 


du 


dA m+1 t 


dv 


sup 

Tu 


du 
dA m+1 t 


du 


where we also used sup[ 0 , u ] |A m+ i/3 + | < ttsup[ 0ll ] \dA m +i/3/dv\. Using the estimates 
(is27i) in Gna) we arrive at 


(828) 


sup |S m+ i| < CJi(u), 

T u 
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where 

(829) 


Ji(it) := u 2 sup 

[o,«] 


dA m /3 + 


dv 


u 2 sup 

T u 


dA m+1 t 


dv 


u sup 

T„ 


dA m+1 t 


du 


We now look at equation (17611) . We are going to deal with this equation in a similar way 
as we dealt with the one appearing in the convergence proof of the fixed boundary problem. 
Integrating with respect to v yields (for K m+ 1 recall the first of (13651) 1 

dA m+ i t' 


(830) dA ™ +1 \ u, v) = e -*m +l («,tO r e K m+ i(«,v') ( " 


du 


ra +1 1 " 


We define 
(831) A 


(832) 


+il(v) := J [e K ^ v ^ - 1 + e K ^ v ^T m+1 (v ,«')} 

P m +i{v) ■■= [ e Km+1 ( v ' v ">E m+ i(v,v')dv'. 

J 0 


dv 

dAm+lt 

dv 


(rt, v')dv . 
(v, v')dv', 


We recall that T m +i(u,v) is given by 


(833) 


Pm+i (u,v) = 


-(1 +T m +i(u,v)) 


c+o — c_o 

and that r m +i(u,u) = 0(u). We obtain from (18301) (recall that b(v) = ( dt/du)(v,v )) 

(834) A m+ i b(v) = e - K m+x(y,v) j p m+1 ( v ) --- (A m+1 f(v) + A m+1 1(v)) }>. 

I c+o - C_o 

Defining 

(835) 


A m+ i(v) :=^A{v,v)A m+1 
du 


1 


we obtain from (176311 (recall a(v) = (dt/dv)(v,v)) 

1 


(836) 

which implies 

(837) 


A m+1 a(v) = 
dA m+ if 


dv 


■(v) = 


lm+\{v) 
1 


A m+1 b(v) + A m+1 (v), 


lm+l{v) 


+ 1 A m +1 b{v) + A m+ i(7;). 


Using the estimate (18281) in (I832D we find 
(838) l-fm+l (w)| < Cv 2 (w||A m /3+||x + wsup 


T v 


dA m+1 t 


dv 


sup 

T v 


*0A m +;| t 


du 


Using (I790D together with the second of (13611) we obtain 


A 


Am+i{v) = q^vA m y(v) + 0(v 2 \A m y(v)\) + 0(v 2 \A m V(v)\) + 0(sup |A m /3+(i;)|) 


[0,i; 


(839) 


+ O ( v sup 
T v 


dA m+1 1 


dv 


+ O ( v 6 sup 
T v 


dA m+1 t 


du 


We substitute (18341) into (I837D and arrive at 
d(vA m+1 f(v)) 


(840) 

where (for p see (13561) 1 

(841) 


dv 


+ A m+1 (y)(vA m+1 f(v)) = v 2 A m+1 B(v), 


A m+1 ( V ) = e - K ™+i(v,v) ( Pm+l(v) + - K - \ _ 1 A _ e -K m+1 (v,v)\ 

V V C+o - C_o ) V \ J 


A m +1 B(v) = 


-K m+ i(v,v) 


1 + Pm+l(v) + 


c+o — C_o 


C+o — C 0 


d^rri+l (v) A ?n +i/(lj) 
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(842) 


^m+1 (p) 


Integrating (184011 from v = 0 gives 

(843) vA m+1 f(v) = f e~ A ^ v "^ v "v' 2 A m+1 B(v')dv’. 

Jo 

Substituting back into (18401) yields 
dA m _j_ i f 


(844) 


dv 


(v) = vA m+1 B(v) - + vA m+1 (v)) ( e A m+ 1 (v")dv v l2 A m+1 B(v')dv'. 

v Jo 


Now we decompose A m+ i B into 
(845) 


o 1 

A-m+iB = A m+ i B + A m+ i B, 


where A m+ i B contains the terms of A m+ i B which are linear in A m+ i I. Analogously we 
decompose 


(846) 


dA m+ lf _ 0 n 

, — -^m+1 i -tbm+1 • 

dv 


We estimate A m+ iI3 using (183811 . (18391) . We obtain 
(847) 

|A m+ i.B(i>)| < C< \A m y(v)\ +v\A m V(v)\ + \\A m /3 + \\ x + sup 


dA m+ i t 


dv 


sup 

T v 


dA m+ i t 


du 


This implies 

(848) 

where 


\R m+1 (v)\ < CvJ 0 (v ), 


(849) J 0 (v) := |A m y(u)| +v\A m V(v)\ + ||A m /3 + \\ x +sup 

T v 


dA m+1 t 


dv 


sup 

T„ 


dA m+1 t 


du 


We now estimate A m+ i B. For this we need an estimate for A m+ iJ. From K m+ i(u,v) = 
0(v 2 ) we have 


(850) 


0 K m +l(v,v') _ 


1 = 0(1 


Since we also have T m +i(v) = 0(v) we obtain from (I831D 

dAm+it 
l o 

which implies 


(851) 


\A m+1 I(v)\ <Cv f 
Jo 


dv 


(v,v') 


dv 1 , 


(852) 

Therefore, 


\A m+ iB(v)\ < ^A\A m+1 I(v)\ <— [ 
v 2 v J o 


d^rn+ it / /x 

(V, V ) 


dv 


dv'. 


3 [ v ,2 \A m+ iB(v')\dv' < “ / v'\A m+1 B(v')\dv' 


,,2 , 

V Jo 


< 


C 


pV / pV 


/0 WO 


dA m +it , „ 

[v ,v ) 


dv 


dv" dv' 


<C f A m+1 T{y,v")dv h 
Jo 


(853) 
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where we use the definition 


(854) 


A m+ i T(v,v"):= sup 

E ['i/ / ,-u] 


d/^m+l t, / /,« 

(V ,V ) 


dv 


Using this definition also in (18521) we obtain 

(855) A m _|_i-B(tj)| ft C I Am+iT^v^v ^jdv . 

Jo 

From the estimates 

(856) 


we find 


\R m +i{v)\<c[ A m+1 T(v,v')dv". 
Jo 


This together with (18481) gives 
(857) dA m+1 f 


dv 


(v) 


<C^vJ 0 (v) + J A m+ iT(v,v')dv'^ . 


Integrating (17611) with respect to u from u = v yields 

dA dv lt { - u,v) = e ~ Lm+l{u,v) [^+^ v ) 

(858) +J e Lm+l{u ' v) ^S m+ i(u',v) + (v m+1 

Using now v m +i (u,v) = 0{v) (cf. (I488D 1 together with (I828D we obtain 
dA m+ i t 


dA m+ i t 

du 


[u !, v ) I du' 


(859) 


dv 


-(u,v) 


Now, from (I830D we get 
dA m+1 t 


(860) 

From this we obtain 
(861) 


du 


dA m+ it. , 

(u ,v) 


< C ||A m+ ia(n)| + uJi(u) + v J 

< C |uJi(m) + J 


d A m _j_xt . r 

(u ,v) 


dA m+1 t 


du 


(u,v') 


du' )■ . 


dv' ^. 


du 

Using this in (I859D we find 
dA m+ it 


(862) 


dv 


(■ u,v) 


du' < C \^v(u — v)J\(u) + {u — v) J A m+ iT(u, v')dv' j- . 
< C ||A m+ ia(i;)| + uJi(u) + v(u - v) J A m+1 T(u, v')dv'^j . 


From (I836D we have 
(863) A m+ ia(v) = 


1 


dA rn+ i f 


(v) + 'y m +i(v)A m+1 (v) ) . 


l + 7m+i(v) V dv 

Using the estimates for A m+ i and dA m+ if /dv given by (18391) . (18571) respectively, we obtain 


(864) 


|A m+ ia(t>)| < C |vJo(w) + J A m+1 T(v,v')dv'^ . 


Using this in (18621) we get 
<9A m+ if 


dv 


-(u,v) 


< 


(865) 

where we use the definition 


C Jo(v) + uJi(u) + J A m+ i T(v, v’)dv' 

dA m+1 t r 

+ J A m+ i T(u,v )dv j , 


< C < uF m (u) + u sup 

T u 


dA m+1 1 


du 


+ u sup 

T u 


dv 


( 866 ) 


F m [u) := sup \A m y\ + usup |A m U| + sup 

[0,u] [0 ,u] [0,n] 


dA m /3 + 


dv 
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We also define 
(867) 


F m (u) := F m (u) + sup 


dA m+1 t 


du 


sup 

T u 


dA m+1 t 


dv 


From (18651) with u' in the role of u and taking the supremum over u' £ [ v , u\ we deduce 
( 868 ) 

Defining now 
(869) 


A m+ iT(u,v) < C yiF m (u) + J A m+ iT(u, v')dv' 

pv 

A m+ iE u (v) := / A m+ iT(w, v')dv f , 

Jo 


becomes 

(870) 

which implies 

(871) 

Therefore, 

(872) 

i.e. 

(873) 


dv 


A m+ iE u (v) < CuF m (u) + CA m+1 T, u (v), 
A m+1 T, u (v) < CuvF m (u). 
\A m+1 T(u,v)\ < CuF m (u), 


dA m+1 t 


dv 


which in turn implies, through (18601) 

(874) dAm+lt 
It follows that for e small enough 

(875) 


du 

dA m+1 t 


(876) 


dv 

<9A m+ if 


du 


(u,v) 

{u,v) 

( u,v ) 
(u,v) 


< CuF m (u), 


< CuF m (u). 


< CuF m (u), 


< CuF m (u). 


We call these the rough estimates. In the following we will use these to get more precise 
estimates. 

Using (I875D in (18311) we get 

(877) |A m+1 /(u)| < Cv 3 F m (v ), 


which implies, through the first inequality of 

(878) \A m+1 B(v)\ < CvF m (v). 

Now, from (I847D . together with the rough estimates, we obtain 


(879) 

Therefore, 

(880) 


\A m+1 B(v)\ < CF m (v). 


\A m+1 B(v)\ < CF m (v ), 


which, in conjunction with (18431) . implies 

(881) |A m+1 /(u)| < Cv 2 F m (v). 
Using the rough estimates in (18381) yields 

(882) |P m +i(«)| < Cv 3 F m {v). 
































76 


D. CHRISTODOULOU AND A. LISIBACH 


Now we use (18771) . (18811) . (18821) in (18841) and arrive at 

AcA m+ i f(v) 


(883) 


A m+ i b(v) + 


C- 1-0 — c_ 0 

Using the rough estimates in (18391) we get 
A 


< Cv 3 F m {v). 


(884) A m+ i(u) = —^vA m y(v) + 0(y 2 \A m V{y)\) + O (u||A m /3 + ||x) + 0(y z F m (y)). 
in (18421) we get 


Using now 

(885) A m+ iS = -^A m y(v) + £>(usup |A m U|) + 0(||A m /3 + || A -) + 0(vF m (v)). 

6k [0,v] 


Together with (18781) we find 


( 886 ) 


A m+ i B{v) = A m y(v) + 0(y sup |A m Vj) + 0{ ||A m /3+||x) + 0(vF m (v)). 


6k 2 


[0,w] 


Now we derive the precise estimate for A m+ i(u). In view of (18411) we need first an estimate 
for p m+ \(v). From (13561) we have 

(887) Pm+i(v) = Po, m +i(v) + 0(y). 

From (13931) we have 

(888) Po,m+i(v) = 0(v). 

Therefore, 

(889) A m+1 (v)=0( 1), 


which, in conjunction with (18811) . implies 

(890) A m+1 (v)(vA m+1 f(v)) = 0(v 3 F m (v)). 

Using (I886D . (I890D in (18401) we arrive at 

(891) = A i; 2 Am y {v) + o (v 3 SUP | A m Vj) + 0(v 2 \\A m /3 + \\x) + 0(v 3 F m (v)). 

dv 6 k 2 [o,u] 

Let us make the following generic definition. By E m [v) we mean a function of the kind 

(892) 

Using now 

(893) 

(I891D becomes 

(894) 

Therefore, 


E m (v) := 0(v\\A m y\\ x ) + £>(sup |A m Vj) + 0{v\\A m $ + \\x). 

[0,v] 


sup 

[M 


dA m /3 + 


dv 


< Cv 2 sup 

[o,«] 


dA m /3 + 


dv 


d(vA m+1 f(v)) A 2 


dv 


= -^v 2 A m y(v) + v 3 E m (v). 


(895) 


1 A f v 

Am+i f(v) = ~— / v' 2 A m y(v')dv' + v 3 E m (v). 
v 6 k 2 J o 


Integrating by parts we obtain 

.2 „,3 


(896) ^-A m+ if(v)= 1 —A m y(v)--^- [ v' 3 d/ ^ mV (y')dv' + v 3 E m (v). 

A o ov J g dv 

Now we express the above in terms of A m+ i f(y) given by A m+ if(v) = v 2 A m+ if(v). Using 
\A m y(v)\ < v\\A m y\\ x , we obtain from 

(897) 


|A,„+i/(u)| < -^^v\\A m y\\ x + vE m {v). 
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Since 

(898) 


dA m+1 f 1 / d{vA m+1 f(v)) 


dv v 3 \ dv 

from (I894D . (I896D we deduce 


- 3A m+ i f(v) , 


(899) 


dA m+ i f 


dv 


(v) 


A 


A .-)^ k 2 ll^mj/||x + E m (v). 


We turn to <5 TO+ i(u) = g m+1 (v) - c +0 / m+ i(u). From (see (163911 ) 

. dfm +1 


(900) 

dSm+1 

dv 

we have 


(901) 

dAm+id dfui-^i 

dv dv 


— {V m C-fo)" 


dv 


A m V + (Fm_l — C+o) 


dA m +if 

dv 


For the first term in (I901D we use (see (16311) and V m (v) — c+ o = |(1 + y m {v))v + 0(v 2 )) 

(902) =-^ v + 0(v 2 ), A m V(v) = ^vA m y(v) + 0(v 2 E m (v)), 
and get 

(903) 


^-A^-( v )A m V(v) = -^-v 2 A rn y(v) + 0{v 3 E m {v)). 


(904) 


For the second term in (190111 we use 

dfm+l 


2 dfm+l , 


dv 


( V ) = 2vf m+ i(v) +V 2 —— (v), 


dv 


which implies, in conjunction with (189711 . (189911 

dAm+if 


(905) 
Therefore 

(906) 


dv 


(v) = 0(vE m (v)). 


(V m -i(v) - c+o) dAn ; +lf (v) = 0(v 3 E m (v)). 


dv 


Putting things together we arrive at 
(907) 


dA m +id f ^ A 2 


dv ^ = i,K V ' 2 ^ my+ °( v3e ™( v ))- 
Integrating (and also integrating by parts) we obtain 

(908) A m+ i<5(u) = ^ v 3 A m y{y) - J v' 3 dA ™ V (y')d v ^j + 0(v 4 E m (v)). 

Now we use 5 m+ i given by S m +i{v) = v 3 d m +i(v). We obtain from (1907)1 . (19081) 


(909) 

which implies 

(910) 

We have 

(911) 


d^rn+ 1^ 1 A f f^dAmy . , 


dv 

d^rn+ld 


dv 

dAm+ 1^+ 
dv 


(v) 


(u) = 


v "AAAA( v ' )dv ' + 0 (E m (v)), 
dv 


A IIA m 2/||x + E m (y). 


<?A m _|_ia clA m _)_io;A 
dv du J 


(v,v). 


For the first term we use as a starting point (181811 . i.e. 

dA m+1 a 


(912) 


dv 


— A m _j_i.A, 
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which implies 
(913) 


dA m+1 a 


dv 


< C 


dA m+1 t 


dv 


+ ^ A m+ io;| + |A m+ i/?| + | A m+ ir|^ j . 

ices A m _|-id, A, 
together with the definition 


To deal with the difference A m +ir we use (17781) . For the differences A m+ ia, A m +i/3 we use 
(17841) respectively. Using also the estimates 
|), we find 


(914) 


sup 

T„ 


A rn-\-l& 


dv 


< CuF m (u ), 


For the second term in (19111) we use (18151) . For the differences in the first line of (18151) we use 
the same estimates which we used for the first term in (19111) . For the differences in the second 
line of (18 151) we use again the estimates 


(915) 


sup 

T u 


<9A m+:L a 


du 


. We obtain 


< C < u 2 F m (u) + u 2 sup |A m+ i//| + u 3 sup |A m+ i!/| > . 

T„ [ 0 ,«] 


For the differences of /j, and v we use (18261) . (18271) together with (I875D . (I876D . We obtain 


(916) 


sup 

T u 


dA. m+ ia 


du 


< Cu 2 F m (u). 


Therefore, 

(917) \\A m+1 a + \\ x <CvF m (v), 

i.e. (see (I866D and take into account that /3 +jm (u) = /3q + v 2 (3 + . m (v)) 


|A m+ ia + || A - < Cv 2 < ||A m y|| A +sup|A m U| + u||A m /3 + ||. Y 

[0,®] 


(918) 

In view of (18991) . (19101) and (19181) . the proof of the lemma is complete. 

5.2.2. Estimates for the Identification Equation. 

Lemma 5.2. Let f m (v) = v 2 f m {v), y m (v), g m {v) satisfy the identification equation 

(919) g m (v) + r 0 = r*(f m (v),vy m (v)). 

Then the following relation holds 

(920) 


□ 


dA m+ iy 


* (,,) = A 


3k j dA m+1 f 


(v) 


dA 


m+l c 


dv dv 

where 

(921) v 3 S m (v) = S m (v) = g m (v) - c +0 f m (v). 
Proof. We look at (see (16741) 1 

dF m+ 1 

noi i -i 

(922) 


(v) > + 0(v\\A m+1 f\\ x ) + 0(v\\A m+1 y\\ x ), 


dy m +i ( a _ __ dv 


-(v,y m+1 (v)) 


dv 


dF, 


m +1 


dy 


(v,y m +i(v)) 


where (we omit the argument of y) 
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(924) 
dF m+ 1 


t \ df m - |_i . . . . / \ . ^^m+l / \ 

(n,y m+ i) = -Ky m+ i— (v) H - (p) + + u— (u, 2 / m+ i). 


av dv dv 

The difference we have to estimate is given by 

( dF 


dv 


(925) 


dA m+l y 

dv 


A. 


m+1 


(«) = -- 


dv 


{v,y) 


( 


dF 


m+1 


dy 


(v,y m + 1 ) 


5K 

ch> 


Now 


dF 


A m+ i I "^'( 17 ’2/) ) = ~^m+l 


^A m+ i/ 




dfrr 


\ 


dF 


dv (»)-'=^ r (» ) a™+.# + 


riA. 


m+1^ 




(w) 


(926) 

For the second term we use (cf. (16371) ) 

(927) 


dR 

+ A m+1 R(v,y) + vA m+1 ( —{v,y) ) . 


dfm / \ A 

K—j^{v)A m+1 y 


< Cv\\A m+1 y\\ X - 


For the fourth term in (19261) we recall (see (16691) 
' d 2 r* 


(928) R(v,y) = - 


dt 2 


(i, A 2 (d 4 r*\ y 4 ( d 3 r* \ y 2 f{v) „, f , , , 

( f(v> ) -(a^J 0 24 -(gm?) 0 —— vHI 


where ff is a smooth function of its two arguments. We estimate the difference of the first term 

by 

(929) A 

m+1 (/(«)) = (fm+l(v) T /m(p)) A m _|_i/(u) — 0(| A m _|_i/(ll) |) — 0(v\\A m+ if\\x)- 
The difference of the second term in (19281) we estimate using (recall y(v) = 0(1)) 

(930) A m+1 y 4 = 0(v\\A m+1 y\\ x ), 
while for the difference of the third term in (1928[) we use 

A m +i{y f(v)) = / m _)_i(r>)A m _|_iy y m A rn j t -\f (v) 

(931) = 0(v\\A m+1 y\\ x ) + 0(v\\A m+1 f\\ x ). 

For the difference of the fourth term in (19281) we use 

(932) \vA m+1 H(f(v),y)\ < Cv 2 (\\A m+1 f\\ x + ||A m+ i?/||x). 

Therefore, 

(933) |A m+1 R(v, y) | < Cv(\\A m+1 f\\ x + \\A m+1 y\\ x ) 

Now we look at the fifth term in (19261) . We have 

(934) 


dR. . 

— („,„) = -2 


d 2 r* 


df 


( d 3 r* \ y 2 df 


df, 


W) 0 f{v W v) - [dtd^) 0 T - v{d lH mvfy)-{v) H(f(v),y), 

where by d±H we denote the partial derivative of H with respect to its first argument. For the 
difference of the first term we use 


a„+, (/(<+(»)) 


(v)A m+1 f(v) + f m (v) 


dA m+ i f 
dv 


{v) 


(935) 


= 0(||A ro+1 /||+, 
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while for the difference of the second term we use 


A I 2 df r \\ | df m +i . . . , 2 n 2 dA m +if » 

A ro+1 ^ s (»)) J = (f)A m+1 („ ) + («) 

(936) = 0(t;||A m+1 y||x) + 0(|| A m+1 /||. Y ). 

For the differences of the last two terms in (19341) we use 

(937) \A m+1 d 1 H(f(v),y)\,\A m+1 H(f(v),y)\ < Cv(\\A m+1 f\\ x + ||A m+ iy|| x ). 
Therefore, 


(938) 

It follows that 

(939) 


Am+i | v{d!H)(f(v),y)it(v) + H(f(v),y) 


vAm+1 (S (v,2/) ) 


< Cv(\\A m+ if\\ x + ||A m+ i2/||jf). 

< Cu(||A m+ i/||x + v||A m+ ij/||x). 


We conclude that 
(940) 

A m+1 fcv, y )j = - K ym+i dA ^ (v) + ^±i*(v) + 0(t;||A m+1 /|| x ) + 0(u||A m+l2/ || A -). 


Now we look at the second term in (I925D . We use 


(941) 


A r 


1\ A m+ i / 

fm+lfm 


■m+1 [ j, \ — 


We need to estimate the difference A m+ i ([dF/dy)(v,y)^J. We have 

(942) A m+1 = ^-A m+1 (y 2 ) - nA m+1 f(v) +vA m+1 . 

For the first term we have 

(943) A m+1 (y 2 ) = 0(v\\A m+1 y\\ x ). 

For the third term in (19421) we use 

(944) §+»> = -(+)„ + (J++/M-+(/(»),»>■ 

For difference of the first term we use 

(945) A m+ i y 3 = 0(u||A m+ iy||x), 
while for the difference of the second term we use 

(946) A m+1 (yf(v)) = 0(v\\A m+1 y\\ x ) + 0(v\\A m+1 f\\ x ). 

For the difference of the third term in (19441) we have 

(947) 


A m+ i (v^{f{v),y) 

Therefore, we obtain for the third term in 

'dR 


< Cv 2 (\\A m+1 f\\ x + ||A m+ iy||x)- 


(948) 

We conclude that 

(949) 


vA 


‘ 771+1 


dy 


(v,y) 


Am+1 


< Cv 2 (\\A m+1 f\\ x + ||A m+ iy||x)- 

< Cv(\\A m+1 f\\ x + ||A m+ iy||x)- 
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To deal with (192511 we also need (see (167211 . (167511 1 
(950) 

Using now the asymptotic forms as given by 


A 

— (v,y m+1 (v)) = - + 0(v). 


and 


we arrive at 


□ 


5.2.3. Estimates for the Jump Conditions. 

Lemma 5.3. Let a +tTn (v), /3 +tm (v), z m {y), V m (v) satisfy 

(951) [Pm{v)\ = [a m (v)f G(a + ^ m {v),a- ym {v),/3-,m{v)), V m {v) = 


P£(«)] 


mv)y 

where 

(952) a- y m(v) = a*(fm(v),Z m {v)), /3_, m (u) = /3*(fm{v), Z m (v)), 

where the right hand sides are given by the state ahead, i.e. by the solution in the maximal 
development, and 

(953) pT»] = 8+, m (v)) - T+a_, m (+/3_,„+)). 

Then, the following estimates hold: 

^A m |i/3 f. 


(954) 


dv 


v ) 


< C {v 2 || A m+ iz\\x + || A m+ i/||jv + u 2 || A m+ ia + \\x } 


(955) A m+ {V{v) - -A m+ i z(v) < U{i; 2 ||A m+ iz||A- + u||A m+ i/||x + ti||A m+ ia + ||x} • 
Proof. We start with 

(956) 

We have 

rfA,„_|_i \/3] „ . (, ,2 d fal „\ . (, ,3 dG 


(957) 


= [a] G{a+,a-,(3-). 


dv 


- 3A »+i N —r~ G + Am+i [a] -7- 


dv 


dv 


We start with an estimate for the difference of 

(958) P-,m(v) = P*{f m (v),z m (v)), 

where (3*(t, w) is given by the state ahead, i.e. by the solution in the maximal development. We 
have 


dA m+ i/3- _ f <9/3* 
dv l dt 


(959) 


m+1 

d/3* 

<9 w 


dA m+ if df m 

—Ti -p ~r~ A ™+i 

dv dv 


d/3* 

dt 


dAfyi+iz dz n 


m+1 


A m+1 

dv 


dv 


*m+l 


<9/3* 

dw 


Here the partial derivatives of /3 possess the same arguments as on the right hand side of 
Taking into account the second of (17021) we obtain 

(960) 


*m+l 


dj3* 

dt 


< C {|A m +i/| + | A. m+ i2|} , 


*m+l 


d/3* 

dw 


< C {|A m+ i/| + v\A m+ iz\} . 


In view of (I695D . (I697D . (I701D . (I703D we arrive at 


(961) 

Similarly we find 

(962) 


dv 

dA m+ ia. 


dv 


< C {\\A m+1 f\\ x +v 2 \\A m+1 z\\ x } ■ 
< C{\\A m+ if\\ x + ||A m+ +|. Y } . 
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(The factor v 2 does not appear since the conditions (17021) do not hold for the partial derivatives 
of a with respect to w). 

We split the first term on the right hand side of (19571) into I\ + 12 , where 


(963) 

For I\ we use 

(964) 


h :=3 [a m+1 ] 2 G m+1 dAm+1 


h := 3^^iA 


dv dv 

d^m +1 [^] dA m _|_iG!_|- 


m+1 


(M 2 g). 


dv dv dv 

The second term is estimated by (19621) . Taking into account [a(u)] = 0(v) (see (17251) 1 we get 

(965) |/i| < Cv 2 {|| A m+ ia+\\x + ||A m+ i/||x + ||. 

For I 2 we use 

(966) | A m+ iG| < C {||A m+ ia_(-||x + ||A m+ iQ!_||.Y + ||A m+ i/3_||Y-} ■ 

Together with (19611) . (19621) we obtain 

(967) I/ 2 I < Cv 2 {||A m+ ia + ||Y: + ||A m+ i/||_Y + ||A m+ i;?||A} • 

The second term in (19571) we split into I 3 + I 4 , where 


(968) 


Hi) 


ra +1 


A m +i [a ] 5 , I 4 , [a m ] 5 A m+ i ( —j— 


Reasoning in a similar way as to arrive at (19651) . (19671) we find 

(969) |/ 3 | < Cv 3 HIA m+ ia + ||jc + ||A m+ i/||.Y + || A m+ iz||A} , 

(970) I-/ 4 I < Cv 4 {||A m+ ia + ||.Y + ||A m+ i/||jY + ||A„ 1 + i 2 ||_y} ■ 
Using now (19651) , (19671) . (19691) . (19701) in (19571) , we obtain 


dA 


771 + 1 


dv 


< E w 

1=1 

< Cv 2 {|| A,„ + iq; + ||a- + || A,„ + i/||a- + ||A m+ iz||x} , 


(971) 
which implies 

(972) |A m+ i [/?] | < Cv 3 {||A m+ ia + ||A + ||A m+ i/||A + || A m+ i2||x} ■ 
From (I971D together with (19611) we conclude 

dA m |i/3| 


(973) 


dv 


We turn to the jump condition 

(974) 

We have 

(975) A m+1 U = 


< C{||A m+ i/|| A ' + v 2 \\A m+1 z\\ x + u 2 ||A m+ ia+||A} ■ 
[T tr ] 


V = 

[T U} 


B m +iB 

771 

where 

(976) 

A m := T tr (a +>m , /3+, m ) - T tr (a., m , +, m ), B m := T u (a + , m , +, m ) - T+a_, m) +, m ). 

Let us denote the numerator of (|975D by N. We have 

(977) N = Am+iBm = 24 m A m _|_i7? 73 m A m _|_i24. 

Now we rewrite 


(978) 


1 2 

-^■771 — -^771 H - -^-771? 
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where 

(979) 

Am = T tr (a + ,m, /3+, m ) - T tr {a+,m, /3_, m ), A m = T tr (a +>m , - T tr (a., m , /?_, m ). 


Now, for a smooth function F(x , y ) we have 


(980) 


F(x,y 2 ) - F(x, Vl ) = 


(x,yi)(y 2 - y ± ) + 0((y 2 - yij 2 )- 


Suppose now g 2 (v) — g\{v) = 0(v). It follows 

F{f(v),g 2 {v)) - F{f{v),g!{v)) = ) (g 2 (v) - gi(v)) + 0(v(g 2 (v) - g^v))) 

(981) 

Using this we obtain 

(982) -• — * 


dy 

= ( 92 {v)-gi(v)) + 0(v 2 ). 


\dp )Wrn] + 0{v), A m -\^ da jja m ) + 0(v). 

Now we recall (for the first see (17251) ') 

(983) 

[a m (v)] = d 0 (l - y m (v))v + 0{v 2 ) = 0(v), \/3 m (v)] = [a m (v)} 3 G(a +tm (v),a^ tm (v),f}- >rn {v)). 

Therefore, 

f dT tr \ 


(984) 

Similarly we find 

(985) 


Am. — 


Bm = 


V 5a J 


/ dT u \ 


d 0 (l - y m {v))v + 0(y ). 


do(l - y m {v))v + 0{v 2 ). 


Now we look at the difference A m+ i B. We have 


(986) 
where 

(987) 

(988) 

We rewrite 

(989) 
where 

(990) 

(991) 


1 2 

A m _|_\B = Am+i B + A^.+ i B , 


*m+1-* 




A m +i_B — T^(a +jm+ i,/3+ ?m +i) — T^(a+ ?m , 


1 la 16 

A m +ii3 = A m+ i^ + A m+ i^, 


la 

A m +i-B = T tt (a+ } m+i, /3+,m+i) — U M (a+ jm , /3+,m+i), 

lb 


Am+iB — T t4 (a+ jm , /3+,m+i) — r M (a+, m , /?+, m )- 
Now, appealing to the first line of (19811) . we have 

'dT u \ 


(992) 

(993) 


la 


- 

^■m+lB = 


da ) t 
8T U \ 

~W)> 


A m +ia+ + 0(v\ A m +ia+|), 


A m+ i/3+ + 0(v\ A m +i/3+|). 
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Therefore, 

(994) A. m +iB = 
We rewrite 

(995) 
where 


/d T tt\ 


A m +ia+ + 


dT it\ 

~W), 


A m +1/3+ + 0(v |A m +ia+|) + 0(v\A m+ i(3+\). 


(996) 

(997) 


2 2a 2b 

A-m+lB = A m+ i B + A rn+ iB, 


Am+i-B — — (r tt (a- tm +i, /3_ iTO +i) — T u (a- }m , , 

2b 


A m +iB — — {r tt (a-^ rn , /3_, m +i) — T tt (a^^ rn , /3_ jT71 )^ . 

Again, by the first line of (19811) . we have 

fdT tt \ 


(998) 


ra +1 


B = - 


\ d/3 ) 


A m+ i/3_ + 0(u| A m+ i/3_ |). 


Defining 

(999) *(*,«;) := T u (a*(t, w), f3*z m +i)), 

where a*(t,w), (3*(t,w) are given by the state ahead, we have 


( 1000 ) 

We have 


2a 


— ^^(/ra+l? ^m+l) 


<9^ 


4'(t, W ) = 4'(0,0)+ — t+ - 5 - «> 


dt 


<91> 


Su> 


( 1001 ) 

Using 


/S 2 ^\ t 2 / d 2 ^ \ 

V dt 2 J 0 2 + (,<9tduJ 0 to 


<9 2, f\ W 2 o 9 n 

_j 0 _ + o (t 


<91 

<9 2 \I/ 

9t 2 

)2 


dT tl \ f da* 
da J 0 \ dt 

da* 
dt 


d 2 T tt 

da 2 

\2rptt 


( 1002 ) 


/5 2 4»\ / d 2 T 

\d^) Q - — 
( d 2 d> \ 

\ dtdw J o 


da 2 

^2 rptt 

da 2 


o 

dT u 

da 


d f 

dw 

dT tt 

da 

do, 


fdT u \ 

{-faJc 


d 2 a* 
dt 2 


c^o, 


da* \ . /dT tt \ / d 2 a* \ 

dt J o Q ° V da J o v dtdw J , 


where we also use (da*/dw )o = do, (d 2 a*/dw 2 )o = do (see ( 128 ( 1 1 . we obtain 


2 a 

— A-m+lB = 


fdT tt \ /da* 


dt 


1 da J 


(1003) 


o 

(d 2 T u 
\ da 2 


*ra+l 


/ + 


dT u \ 

da J ( 


doA m+ i0 


do + 


(l^r) ^ v ^ m+lZ + OCulAm+i/l) + 0(v 2 \A m+1 z\), 


where we also use ^(A m+ i(z 2 )) = -u(A m+ i 2 ) + 0(v 2 \A m+ iz\), since z(v) = — v + 0(v 2 ) and 
f(v) = 0(v 2 ). This together with (19981) implies 

w-.(teu-®. 


A R — (dTU ^ 

lAm+l-D ~ ~ 


d 0 > vA m+ iz + 0(v 2 \A m+1 z\) 


(1004) 


/dT tl \ (da* 


dt 


l da J c 


A m+ i/ + 0(v\A m+ if\) — 


(dT u \ 

\~WJ, 


A m+ i/3_ +0(v | A, n+ i^_|). 
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From (I994D and (1 10041) we obtain 
fdT u \ 


Wl ^ da ) Q a ° m+lZ+ \{daZ ) a a ° + {da ), 


/ dT u \ 
l'dT tt \ 

VWJ 


do A 

A m +ia+ 


d 2 T u 

\ -2 

da 2 

) a 0 + 
J 0 

dT u \ 

/ da* 

da J 

0 V dt 


f d T tt \ 


do \ vA m+ i z 


A m +if 


A m+ i [/3] + 0(v\ Am+i^j) + 0(v\A m+ i(3-\) 


(1005) + 0{v s \\A m+1 z\\ x ) + 0{v 2 \\A m+1 a + \\ x ) + 0(v 2 \\A m+1 f\\ x ). 

Making use of the estimate (19721) we arrive at 


*ra+l 


B = — 


(dT tt \ . 

I J a 0 A m+1 z + 


/ dT u \ 

VfoJi 


A m +ia+ 


d 2 T u 

\ -2 

da 2 

) “0 + 
/ 0 

dT tt \ 

fda* 

da J 

0 V dt 


fdT tt \ .. . 

a 0 )vA m+1 z 


(1006) 


+ 0(v 3 \\A m+1 z\\ x ) + 0(v 2 \\A m+1 a + \\ x ) + 0(v 2 \\A m+1 f\\ x ), 


where we also used (196111 . (19741) . The analogous expression holds for A m+ iA but with T tr in 
the role of T tt . Putting things together we arrive at the following expression for the numerator 
of ©751) 

Ar 2 . 3 ,. t w \ (d 2 T u \ (dT tr \ fd 2 T tr \ /9r“\ 1 A 

« = -» 0.(1 - fcW) {(■g 5 r) o (■ar)„ - (&?-)„ (lh ) J 

(1007) + 0(v 4 \\A m+1 z\\ x ) + 0(u 3 ||A m+1 a+|| A ) + 0(u 3 ||A m+1 /|| A -). 

Let us inspect the curly bracket in (110071) . For this we use (see the first and second of (11841) 1 


(1008) 
Using | 
(1009) 


dT u G 1 P 2 


(1 + vq) 


2 dT tr Gijj 2 . 

— (v + 77 ) (1 + vrj). 


da 2r] ’ da 2ij 

Using (II791) . (12091) . the first of (11781) and the first of (11831) we obtain 


= ^t( 1 + vr ^ (( x + 3r]2 + 3vri + m ? 3 ) ~ ( x _ vr >)0 


(1010) ^ J■) = ~r-§- (( v + 2i? + 2 V 2 1 J + 2rf + Qvif + 2v 2 if + vq 4 ) - n(l - 7 7 2 )-jr ) • 

oar Arj z \ dp / 


Therefore, we obtain the following expression for the curly bracket in (|1007p 

(1011 ) -^ (1 -^, (1+ w(i + (|) o - 

Using the definition of fi (see (11881) 1 we see that (110111) is equal to 

G& 4 


( 1012 ) 

Therefore, 


T orto 


(1 - UiX 1 + V 0 V 0 ) Mo- 


„ 2 , 3 GWo, 


N = X( 1 - Vq)( 1 +v 0 r]o) VoAm+iz 

4r ?o 


(1013) + 0{v 4 \\A m+1 z\\ x ) + 0(n 3 ||A m+1 a + || A ) + 0(v 3 \\A m+1 f\\ x ). 

We turn to the investigation of the denominator of (19751) . Let 
(1014) D := B m+ iB m . 

Rewriting 

(1015) B m = B m + B m , 
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where 

(1016) 

(1017) 


Bm — T U (a+ iJn , /3+,m) — T U (a+^m, 

B m = T“(a +jm , /3_, m ) - r M (a_ im , /3_ m ) 


and arguing as we did for the derivation of the asymptotic forms of A rn and A m: we arrive at 

' dT u ' 


(1018) 


Bm. = 


da 


<^o(l - ym(v))v + 0(v 2 ). 


0 


Similarly with to + 1 in the role of to. Therefore, we obtain 

2 


(1019) 


D = 4 


(dT U \ , 2 2 3 


\ da J 


AqV + 0(v 6 ), 


o 


where we used y m = — 1 + 0(v). Using the first of (110081) we find 

( 1020 ) D = v 2 a? G2 °^° 


o-—(1 + vor/o) 4 + 0(v A ). 

Vo 


Now, from c + = (v + rj)/(l + vrf) together with (I183D . (11881) . (12091) we have 

( 1021 ) 


(1 + vr l) 2 -^ = ^M(l ~ v 2 )- 


Using n = ao(dc + /da)o we obtain from (I1013D . (110201) 

(1022) A m+1 V(v) = ^A m+1 z(v) + 0(v 2 \\A m+1 z\\ x ) + 0(u||A m+ ia + ||x) + 0(v\\A m+1 f\\ x ). 

□ 

5.2.4. Closing the Argument. 

Proposition 5.2. For e small enough the sequence ( y m , /3+, m , V m ) converges in By x Bg 1 x Bg 2 . 
Proof. We first note 


(1023) 


|A m+ i/3 + ||x < ~2 ||A m+ i/3 + ||x- 


We now use the first estimate from lemma 1531 together with the estimates for \df/dv\ and 
||A m +ia+||x from lemma [5~n We obtain 


(1024) 


||A m+ i/3 + ||x < C { ||A m j/||x + sup |A m U| + v\\A m (3 + \\ x > . 

[M I 


For an estimate of ||A m +i?/||x we look at the estimate of lemma HT21 Using also the first two 
estimates of lemma 15.11 we obtain 


(1025) 


A m+1 y\\x < \ ||A m y||x + C < v||A m /3 + ||x + sup|A m U| > , 


[0,t 


provided we choose e suitably small. Now we note 


(1026) 


A m+1 V(v) = (^A m+1 V(v) - n-^A m+ i y(v)j . 


We now use the second estimate from lemma 15.31 together with (110251) . We obtain 


(1027) 


sup |A m+1 U| < C \ v\\A m y\\ x + usup|A m U| + v 2 || A m /3+||x > • 


[0,-u] 




We rewrite the estimates (I1024D . (110251) . (1102711 as 

||A m+ it/||x < l||A m y||x + Ui < v\\A m p+\\ x + sup |A m U| 
3 I [0,w] 























SHOCK DEVELOPMENT IN SPHERICAL SYMMETRY 


87 


||A m+ i/3+||x < C 2 < \\A m y\\x + sup \A m V\ + v\\A m j3 + \\ x > , 

{ [o,«] J 

(1028) sup |A m _j_iV r | < C 3 < v\\A m y\\ x + usup |A m V| + v 2 \\A m j3 + \\ x 

[0,v] ^ [0,v] 

It follows that for e small enough the sequence (y m , $+,m, V m ) converges in By x Bs 1 x Bg 2 . 

□ 


The two propositions above show that the sequence (jj m , /3+ : m, V m ) converges uniformly in 
[0, er] to (y,0 + ,V) G By x B Sl x Bg a . 

We see that (F m ) as given by (18661) converges to 0 as m —> oo uniformly in [0, e]. Therefore, 
in view of (18751) . (18761) also dt m /dv , dt m /du converge uniformly in T e . Let us denote the limit of 
(t m ) by t. This, in view of (18261) . (I827D . implies the convergence of (/r m , u m ) to (/r, v) uniformly 
in T e and, in view of (I828D . also the convergence of (S m ) to 0. Therefore, the pair of integral 
equations (18301) . (18581) are satisfied in the limit. It then follows that t satisfies (13581) . 

In view of (17831) . (17841) we have convergence of (a m ,/3 m ) to (a,/3) uniformly in T e , which 
implies convergence of (c± i?n ) to c± uniformly in T e . In view of the Hodograph system the 
partial derivatives of (r m ) converge uniformly in T e and the limit satisfies this system. 

Now, the uniform convergence of (a m ,/? m ), (r m ) and the partial derivatives of (t m ) imply 
the uniform convergence of (A m ), (B m ) to A, B. Therefore, the partial derivatives da m /dv, 
dfim/du converge to da/dv, d/3/du , uniformly in T e and it holds da/dv = A , df3/du = B, 
i.e. also the other two equations of the characteristic system are satisfied in the limit. In view 
of (18151) . (I822D also the partial derivatives (da m /du), (df3 m /dv) converge to da/du, d/3/dv 
uniformly in T e . 

From (I758D . (I759D we see that (f m ), (S m ) converge to /, S uniformly in C l [0, e]. Therefore, 
z = vy satisfies the identification equation when / := v 2 f, g := v 3 6 + c+o v 2 f are substituted. 
Also V, j3+ are given by the jump conditions when a+, /, z are substituted. We have thus found 
a solution to the free boundary problem. 

We have that z{v) is given by z(v) = vy(v), where y G C 1 [0, e], y( 0) = —1 (see (16981) 1. f(v) is 
given by f(v) = v 2 f(v), with / G C ,1 [0,e], /(0) = A/6n 2 (see (16961) 1. /3+(v) is given by /3 + (v) = 
(3 0 +v 2 (3 + (v ) with /3 + G C' 1 [0,e], /3+(0) = (d/3/dt) 0 A/6 k 2 (see (17291) 1. a + (v) = cti(v) +v 2 a+[y) 
with a + G C' 1 [0,e], d + (0) = \A 0 /6n 2 (see (17241) 1. From (16381) together with 5(v) = v 3 S(v), we 
have g(v) = v 2 g(v) with g G C 1 [0,£], g( 0) = Ac + o/6k 2 . 

We recall (125ID which is the singular boundary of the maximal development in acoustical 
coordinates ( t,w ): 


(1029) 

Therefore, using w = z(v) 


t*(w) =t 0 + + 0(w 3 ). 

—v + 0{v 2 ), we have 


(1030) t*{z{v)) = t 0 + j^v 2 + 0(v 3 ). 

Comparing this with (see (16961) ) 


(1031) f(v) + t 0 = t 0 + -^v 2 + 0(u 3 ), 

we see that for e sufficiently small the shock curve K, lies in the past of the singular boundary 
of the maximal development B. 

From (I770D we have 


(1032) 


V(v)=c +0 + O{v 2 ). 


From (176911 we have that the characteristic speed of the outgoing characteristics along /C in the 
state behind is 


(1033) 


c + (u) = c + o + kv + 0(y 2 ). 
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Now, let us denote by c + the characteristic speed of the outgoing characteristics along /C in the 
state ahead. We have 


(1034) 

Now, 

(1035) 


c + (u) = c+(a*(f(v),z{v)),P*{f(v),z(v))). 


dc + 

o 

+ 

(da* df 

da* dz \ 

I , dc + | 

(dp*df 

dp*dz\ 

dv 

da 

\ dt dv 

dw dv ) 

' + d/3 1 

^ dt dv 

dw dv J 


Therfore, using (12851) and 


(1036) 
we find 
(1037) 

which implies 
(1038) 


^-(v) = 0(v), ^(f(v),z(v)) = 0{v), 



— K + 0(v), 


C + (u) = C + o - KV + 0(v 2 ). 


From (I1032D . (110331) and (110381) we obtain 

(1039) V(v) — c + (v) = kv + 0(v 2 ), 

(1040) c+(u) — V(v) = nv + 0(v 2 ). 


These imply the determinism condition, provided that e is sufficiently small. 
We have therefore proven the following existence theorem. 


Theorem 5.1. Let initial data for t and a be given along C_. Let tq > 0. Let the solution in 
the state ahead be given by a*{t,w), (3*(t,w), r*(t,w). Then, for e small enough, there exists a 
continuously differentiable solution (t, r, a , /?) of the characteristic system in T e such that 

(i) along C_ it attains the initial data and r(0, 0) = ro- 

(ii) ot+{v) := a(v,v), f3+{v ) := 0(v,v), a_(u) := a*(f(v),z(v)), /3-{v) := P*(f(v), z(v)) 
satisfy the jump conditions 

(1041) - [T M (u)] V(v) + [T‘»] = 0, 

(1042) - [T rt (u)] V(v) + [T r »] = 0, 

where 

(1043) T^(v)=T^(a+(v),p + (v)), Tf v {v) = 

V(v) satisfies 

(10U) |wn») = |w 

and z(v) satisfies the identification equation 
(1045) g(v) + r 0 = r*{f(v),z(v)), 

where 

(1046) f(v) :=t(v,v), g(v):=r(v,v)-r 0 . 

Furthermore, we have V £ C°[0,e], where V(v) is given by 
V{v) =c +0 + ^{l + y{v))v + v 2 V(v). 


(1047) 
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(iii) We have 


(1048) 

z(v) = vy(v), 

y £ C l [ 0,e], 

5(0) = 

-1, 


(1049) 

CN 

II 

/eC'lo.E], 

m = 

A 

6k 2 ’ 


(1050) 

g{v) = v 2 g(v), 

g e C x [ o,e], 

5(0) = 

Ac+o 

6k 2 


(1051) 

a+(u) — oii(v) = v 2 d+(v), 

d+ £ U7 1 [0, £•], 

a+(0) = 

AAo 
6k 2 ’ 


(1052) 

P+{v) -Po = v 2 p(v), 

p+eC^e], 

/3+(0) = 

-( 

6k 2 \ 

'dp\ 
dt) 

(iv) 

The curve K. given in rectangular coordinates by 




(1053) 

V i-A 

if{v),g(v) + r 0 ) 





lies in the past of the singular boundary of the maximal development B and satisfies 
the determinism condition, i.e. it is supersonic relative to the state ahead and subsonic 
relative to the state behind. 


6. Uniqueness 


6.1. Asymptotic Form. In the following we prove that any solution of the characteristic sys¬ 
tem satisfying the smoothness conditions from the existence theorem possesses the same leading 
order behavior as the solution given by the existence theorem. 


Proposition 6.1. Let ( t,r,a,/3 ) be a continuously differentiable solution of the free boundary 
problem and let z(v ) be the corresponding solution of the identification equation. Let z(v ) and 

(1054) f(v) := t(v,v), g(v) := r(v,v) - r 0 , a+(v) := a(v,v), f3+(v) :=/3(v,v) 


be given by 

(1055) 

z{v) = vy(v), 

(1056) 

f(v) = v 2 f{v), 

(1057) 

ff(v) = v 2 g{v), 

(1058) 

ce+(v) — oti{v) = v 2 a+(v), 

(1059) 

P+{v) ~ Po = v 2 p+{v), 

with 



(1060) 


y€C°[ 0,e], f,g,a+,P+e C 1 [0,e\. 


Then it follows that 
(1061) 

2 /( 0 ) = - 1 , /( 0 ) 


A 

6k 2 ’ 


5(0) 


Ac + p 

6k 2 


<M°) 


Ai 0 

6k 2 ’ 


and 

(1062) 


df 1 dg 

4 - o =— / 0 . 

dv c+o dv 


/3+(0) 


A (dp* \ 
6k 2 \ dt J 0 


Proof. We first note that the characteristic system together with the solution being continuously 
differentiable implies 

d 2 t 1 (dc- dt dc + dt 

dudv c+ — c_ \ 


(1063) 


dv du du dv 


e C°(T e ). 
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We recall the initial data for t : 

(1064) t(u, 0) = h(u) = u 3 h(u), h G C 1 )0, £■], 
Taking into account 


H 0) = 


A 


6k(c + 0 - c_ 0 )' 


dt . df \ df 

- {V , V) + -( V , V ) = -( V ) 


(1065) 
we deduce 
(1066) 
Now, 


2 df, 


= 2vf(v) + v — (v), 


Hi .m =0 . 

\ OUOVJ 0 


du J n \dv 


t {v) = £(”’”) + 

_ , \ dt . _ dt 

= c-(v)—(v,v) +c + (v)— (v,v) 

, .df dt _ 

= + d ( C - c +^)) 


(1067) 

Substituting 

(1068) 

(1069) 


= m »)£ w +{£(».°)+1 («-<») -«+<»))■ 


^(«) = 2 vg(v) + v 2C -j-(v), 
dv dv 

— (n,0) = — (u) = 3n 2 /i(u) +v 3 —(u), 
chi dv dv 


together with (110651) yields, after dividing by v and taking the limit v —> 0, 
(1070) 

Since by (110591) 

(1071) 


g( 0) = c +o /(0). 

d/3 +1 


dv 


( 0 ) = 0 


and the second of (11601) . namely 
(1072) 

gives, by the first of (110661) . 

(1073) 

it follows 

(1074) 


d/3 dt - 
- = -B(a,/3,r), 


<W 

du 


= 0, 


f\ = 0 . 


Now, dt/dv and dfi/dv satisfy along C_ a system of the form (see page I5T1) 


(1075) 


d/3/dv 


du V dt/dv 
which, together with (110661) , (110741) implies 


an ai2 
0 - 21 022 


d/3/dv 

dt/dv 


for v = 0, 


dt 


dB 
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Hence 

(1077) 


dt, s. , . d/3 

-(u,v) = o v ( 1), —(u,v) = o v { 1), 


r\ v J ^ r\ ' 

OV OV 

the indices on the Landau symbols representing the variable with respect to which the limit is 
taken, the limit being uniform in the other variable. 

Making use of the equations for a and /? from the characteristic system (see (11601) 1 we obtain 

dc + dc + da dc+ dt 

du da du d/3 du 

dc + 
dv 


(1078) 

(1079) 


-B , 


dc + dt ~ dc + d/3 
-A+ + 


da dv d/3 dv 


dc + . 

v) = k + o u { 1), 
dc + , . 

— (u,v) = o„( 1). 


Therefore, 

(1080) 

(1081) 

where for the first we used ( dc + /da)o = ft/do (see (12851) 1. Hence 
(1082) c+(i>) = c+o + kv + o(v). 

We turn to the integral in (110671) . Making again use of the characteristic system we obtain 

(1083) 

Hence 
(1084) 


dc- dc- dt ^ 

dv da dv d/3 dv 


^~{u,v) = o v { 1 ), 


which, in view of (110631) . implies 

(1085) 

We have 


d 2 t 

dudv 


(u,v) = o v ( 1). 


Am = ^m+J o 

(1086) =o v (v), 

where we made use of (110691) . Together with (see (I1084D ) 

1 \ / f\ 1 1 . 

(v,v) = <v( 1), 

(v, v')dv' = o{v 2 ). 
d 2 t 


(1087) 
we find 
(1088) 

We have 


c+ — c_ dv 

1 d c_ dt 

c+ — c_ dv du 


m 

dv 


= f(v')-A(v',v')+ f AL(u',v')du' 
dv uu J v r uuov 

= 2«7(0) + wv(1), 


(1089) 

where for the second term in the second line we substituted (|1086D . setting v = v'. Together 
with (see (110801) 1 

1 dc+' 


(1090) 


c+ — c_ du 


(v,v’) = 


C+o — C_o 


o v { 1), 
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we find 
(1091) 


1 dc + dt 
c+ — c _ du dv 


( v , v')dv' = —— v 2 _|_ o(v 2 ). 


c+o — c_o 

Now, rewriting the integrand in (110071) using (110631) and then substituting (110881) and (110911) . 
we obtain 

d 2 t 


(1092) 


dudv 


( v , v')dv' = - — v 2 _)_ o(v 2 ). 


c+o — c_o 


Substituting now (110651) , (I1068D , (110691) , (110821) , (110921) into (110671) , noting that 


(1093) f(v) = f(0) + ^-(0)v + o(v), 

dv 

(1094) ^(u) = ^(0) + O (u), 

dv dv 


g{v ) = 5(0) + + °W. 

dv 

§?(„) = A(0) + o(„), 

dv dv 


and that by (I1070D the terms linear in v cancel, dividing by v 2 and taking the limit as v -A 0, 
we find 


f(o) = c + „f(o) + */«,)-A 


(1095) 

We now consider the identification equation 
(1096) g(v)+r 0 = r*(f(v),z(v)). 

In view of (I1070D . (110951) the left hand side is 


(1097) 


co + c+o/(0)u 2 + | c +o ^(0) + k/(0) - 


_A 

6k 


+ o(v 3 ). 


For the right hand side of (110961) we expand r*(t, w) up to third order. Substituting t = f(v) = 
v 2 f(v), w = z(v) = vy(v) we obtain 


(1098) 


df, 


\y(0f 


r o + c+o/(0)c 2 + I c+o^;(0) + y(0)nf(0) - ^ 


+ o{v 3 ). 


Therefore, setting (I1097D equal to (110981) . dividing by v 3 and taking the limit u + Owe obtain 
(1099) 

Defining now 


«/(o)-A=„(ow(o)-lhS-. 


( 1100 ) 


m := 3k — 


A 


P ■= -y(o), 


2/(0)k 

(we recall that for a physical solution we need p > 0), this becomes 
(1101) m(l +p 3 ) + 3kp(1 — p 2 ) = 0. 

We now turn to the jump conditions. Using (cf. (110931) 1 

f (»)=2 „/(„) + +£(„) 


( 1102 ) 

and the analogous expansion for dg/dv(v) in 


,.2 df, 


= 2u/(0) + 3u 2 AL(0) + o(u 2 ) 
dv 


dg. 
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we obtain 
(1104) 


V(v) =c+0+ iM ('l (0) “ c+0 f (0) j ” +0( '’ , ■ 


Hence, in view of (I1095D and the first of (1 11 0011 . 


(1105) 

We recall the jump conditions: 


V(v) = c+o + —v + o(v). 


(1106) 

[T tt {v)] V(v) = [T‘»] , 

(1107) 

[T tr (v)] V(v) = [T rr (v)j , 

where 


(1108) 

4 

II 

1 

1 "S 

and 


(1109) 

T^(v)=T^(a + (v),(3 + (v)), 

(1110) 

rr(«) = r*>_ («),£_(«)), 

where 


(1111) 

a-{v) = a*(f(v),z(v)), f3-(v)=/3*( 


the functions a*(t,w), (3*(t,w) in (111111) being given by the solution in the maximal development. 
Using the initial condition for a as given by (13111) , we obtain from (110581) , (110591) 


a + (v) - a 0 = a 0 v + ( ^ + d+(0) ) v 2 + o[y 2 ), 


( 1112 ) 

(1113) P+( v ) — /3o = /3+(0)u 2 + o(v 2 ). 

It would actually suffice to assume a, (3 £ C°. But since a+ and /3+ correspond to the solution 
of the fixed boundary problem, the assumption for a and /3 to be continuously differentiable is 
consistent. 

Expanding now T l * u (a,/.3) up to second order and substituting (111121) . (111131) we obtain 


Tf» = Tq V + 
(1114) 


fdT^ 
V da 


aov - 


fdT^ 


\ da 

+ 


0 

dT^ 
d/3 


Y + s+(0) 


$+(0) 


f d 2 T^ \ d 2 

l 9a 2 


+ o(v 2 ). 


Expanding a*(t,w), /3*(t,w) up to second order and substituting t = v 2 f{v), w = vy(v) we 
obtain 

. 2 1 


(1115) 

(1116) 


*-(u) - a 0 = a 0 y(v)v + 


d/3* 


da* 

~dt 


/( 0 ) 


d 0 y{ 0)' 


+ o(v 2 ), 


P+(v) - A, = ( ) /( 0)v 2 + o(u 2 ), 


where for the second one we made use of (12651) . Expanding now T Ml/ (a,/3) up to second order 
and substituting (111151) . (II 1161) we obtain 


T0"(v) = Tg v + 

(1117) 


( 


dT^ 


V da 


d 0 y(y)i 


dT^ 
da 


fdT^ 

V ~W 


da* 

dt 


/( 0 ) 


ao2/(0) 2 


d/3* 

~dt 


/( 0 ) 


( d 2 T^ \ a 2 y( 0) 2 


\ da 2 


>v 2 + o(v 2 ). 
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Using the definitions 
(1118) m- := 2 

this becomes 

fdT^ 


da* 

~dt 


/( 0 ), 


n_ := 2 


9/3* 

"dT 


/( 0 ), 


T^» = + 

(1119) 


V 9a 


... 1 j / 9T Ml 

o «(»)»+^ 


(to_ + d 0 y(0) 2 ) 


+ 


9T^" 

9/3 


/9 2 T^ 
\ 9a 2 


d 2 2/(0) 2 4 2 + o(4). 


Therefore, from (lllldl) . (111191) . 
/ 9T^ y \ 


^ 1 J / dT^ 


2 l 9a 


( 1120 ) 


(cio(l - 2/(0) 2 ) + 2 <M0) - m_) 
o 


) \v 2 + e>4 2 ). 


We now substitute (111201) together with (II 1051) into (I1106D . (II1071) . Making use of (see (11861 ) ) 

( 1121 ) 


gj^tr OT^ 1 <9X’ rr 

da C+ da c+ da 

dividing by v 2 and taking the limit as v —> 0 we arrive at 
' dT u \ 


mao 


da J, 


( 1122 ) 


(1123) 


<??)>—•> 


/g T tr\ 


mao 


V da J 


(1 - y(0)) + d 0 <1 c + o 


J d -1 


\ da 2 


\ da 2 

( d T tr \ 

C+0 \~W) 


(1 - 2/(0) 2 ) 

Qrj-irr 


9/3 


4 = 0, 


where we used the definition 
(1124) 

Let us define 
(1125) 

fdT u \ (dT tr \ 

C01 c+0 \w) 0 ~ \W) 
(1126) 


4 := 2/3+(0 )-n- 


o 


fdT tr \ fdT rr 
c °2 c+o ~ {-dp 


f d 2 T tt \ ( d 2 T tr 

Cn: ~ a ° t c+0 v ^ 2- ) 0 ~ 


C 12 := a 0 < c+o 


/ g2 j-'tr 


(1127) 

C 21 : = do 


9 T tt\ 

~fa) o’ 


C22 «o 


\ da 2 
(dT tr \ 


g2 r J~'V1 

da 2 


V da / 0 ' 

Using these definitions together with p = —2/(0) in (111221) . (I1123D we obtain 
(1128) c 0 i4 + cn(l - p 2 ) + c 2 ito(1 + p) = 0, 
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(1129) C 02 I+ + 012(1 — P 2 ) + c 2 2w(l + p) = 0. 

We now solve the system of equations <1110111 . (111281) . (111291) . Solving (IIIOID for m yields 

1 -P 2 


(1130) 


m = —3np 


1 +F 


,3' 


Substituting this in (111281) . (111291) gives 
(1131) 


C 0 l4 = (1 - P 2 ) ^-Cll + 3acc 2 i 

C 02 /+ = (1 - P 2 ) ( -C 12 + 3/CC22 


f(1 +p) 

1 +p 3 
p(l+p) 


(1132) —- -V l+p» 

Multiplying (111311) by C 02 and (111321) by coi and then subtracting the resulting equations from 
each other yields 

p{l+p)' 


(1133) 


0 = (1 - p ) —d\ + 3 nd 2 


1 + p 3 

where we used the definitions 

(1134) d\ := C 02 C 11 — C 01 C 12 , d2 '■= C 02 C 21 — coiC2 2 - 

If di, c? 2 have opposite sign (recall that k > 0) then p = 1 is the only root of (111331) (recall the 
requirement p > 0 for a physical solution). We look at c?i/d 2 - From (111211) we deduce 

d 2 T u d 2 T tr dc+ dT tt d 2 T tr d 2 T rr dc+ dT tr 


(1135) 

Therefore 


c+- 


da 2 


da 2 


da da 


c+- 


da 2 


(1136) cii = -d l 


dc + 

da 


(dT u \ 

l^Jo = “ KC21 ’ 


Cl2 = —CKn - 


da 2 


( dc-i 


da da 
f dT r 


\ 1 da J 0 \ da 


= -kc 22 , 


where we made use of (dc + /da) 0 = k/cxq (see (12851) 1. Hence, 

di _ C 02 C 11 — C 01 C 12 

d 2 


(1137) 


= —K < 0 


C02C21 — C 01 C 22 

and we conclude that p = 1 is the only root of (111331) . From (111301) we deduce m = 0. (111281) 
then yields l + = 0. Therefore, from (110701) . (111001) and the second of (111181) together with (I1124D 
we obtain 


A 


/(0 > = S?' 


(1138) k(0) = -1, 

From (110951) we obtain 
(1139) 

We now turn to a+(0). We recall 
(1140) a +( v ) = a(v,v) = ai{v) + 

Therefore, (this is (17141) 1 


3(0) = 


Ac 


+0 


6k 2 




dp* 

~dt 


df 1 dg 

4- 0 =— T- 0 • 

dv c+o dv 


dt_ 

did 


A{a, (3, r )) (v, v’)dv'. 


da 


dai 


+ 


fdt_ 

\dv 

/ d 2 t 


dv ^ = ~^ {v) + ' M 


\ dudv 


A(a,/3,r) 


(1141) 


dt [ dA , 


da dA , 


M dA , 


dt 


+ Tv a3 (o " + + a7 (Q ’ Ar)c -SI 


■ ( v , v')dv'. 
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Using (1108911 . (1 10921) we obtain 

(1142) ^±(v) = + 2f(0)A 0 v + o(v), 

av av 

which implies (using the second of (II 138[) ) 

(1143) ce+(v) - <Xi(v) = -jr^-v 2 + o(v 2 ). 

Therefore, 

(1144) <M o) = 

This concludes the proof of the proposition. 


□ 


6.2. Uniqueness. 


Theorem 6.1. Let (t", r", a", /3") be two continuously differentiable solutions to 

the free boundary problem and let z'(v), z"(v ) be the corresponding solutions of the identification 
equation. Let z'(v), z"(v) and 

(1145) f(v) := g'(v) := r'(v,v) - r 0 , a'(v):=a'(v,v), /3'(v):=f3'(v,v), 


(1146) /» 

be given by 

If 

cS 

"cT 

II 

IT 

c2 

(1147) 

II 

(1148) 

f'(v) = v 2 f'{v), 

(1149) 

g'(y) = v 2 g\v), 

(1150) 

a' + (v) - oti{v) = v 2 a' + (v), 

(1151) 

0+(v) ~ Po = v 2 (3' + (v), 


with 


ro, a'l(v) := a"(v,v), (v) := P"{v, v), 

z"(v) = vy"(v), 
f”(v) = V 2 f"(v), 
g"{v) = v 2 g"(v), 

0 t+{v) - ati(v) = v 2 a'l(v), 
Ptiv)-I3o=v 2 0'l(v), 


(1152) 


/ // rf rff ~// n nf off s- ryl rn ^1 

y ,y ,i,i ,g ,g ,«+,«+, p+,p+ e c [0,ej. 


Let. V'(v), V"{v) be given by 


(1153) 


(1154) 


with 


U» = c+ 0 + |(l + y'(v))v + v 2 V\v), 


V'\v) = c +0 + |(1 + y"{v))v + v 2 V"(v), 


where 


where 


V\v) = 


dl 

dv 


(v) 


df f f 

av 


v » - 

~r( v ) 

av 


(1155) 


V',V" g C°[0, e\. 


Then it follows that for e sufficiently small, the two solutions coincide. 


Proof. In the following, whenever there is no prime or no double prime on a function it is meant 
that the statement holds for both the primed as well as for the double primed function. Let us 
make the following definition for any function / 

(1156) A/ := f" - /'. 

We see that the assumptions from proposition 16.11 are satisfied. Therefore, we are able to 
make use of the statement and the proof of proposition 16.11 From proposition 16.11 we have 
dz 
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(1158) 

(1159) 

(1160) 

(1161) 


y-0) = t^ + C’O 2 ), 

dv Sk z 

~( v ) = ir^-v + 0{v ), 

dv 



da.i 

dv 


(v) + 


AAo 

3^ 


v + 0(p 2 ), 



A 

3k 2 



v + 0(v 2 ), 
o 


Using the asymptotic forms (111571) . (1 11 581) in 


(1162) a-(v) = a*(f(v),z{v)), 


f ( v ) = ^ 2 + 0(»' 3 )- 

g( y ) = ~^r v2 + C ’(V 3 )> 

<*+(«) = ai(v) + + 0{v 3 ), 

W ») = A + ^(^-) 0 » 2 + O(A 

/M w ) = p*(f(v),z(v)), 


we obtain, in the same way as we arrived at (1704D , (I705D , (I710D , (171 ID , 

(1163) -j—(v) = a 0 ^-(v) + 0(v), a-(v) = a 0 + a 0 z{v) + 0(v 2 ), 

dv dv 

(UM) ^(”) = 3 Ar(^-) 0 » + o(” 2 ). ^-(«) = A + e^(^-)/ + o(A 

Substituting (111571) in (111631) we obtain 

(1165) ——(v) = ~ao + 0(v), a-(v) = a 0 — a 0 v + 0(v 2 ). 

dv 

The second of (111601) together with the second of (111651) imply 
(1166) [a(u)] = 2dou + 0(v 2 ). 


Looking at the proof of lemma 15.31 we see that the above asymptotic forms constitute all the 
necessary requirements for this proof to hold. Therefore, we have the following estimates 


(1167) 

(1168) 


AV(v) 


dA/3 + 


K . , , 

- 2 


<C{u 2 ||A 2 || A - + ||A/|| x +i; 2 ||A a+ |L Y }, 
< U {i> 2 ||A 2 || a + v||A/||x + v||Aa+|| A } , 


where the A' norm is defined by (17551) . 
We now define 


(1169) 5(w) := g{v) - c +0 f{v). 

From (111481) . (111491) we have 

(1170) 5(v) = v 2 (g(v) - c +0 f{v)). 

Furthermore, from f,g G C' 1 [0,£] together with (I1062D we have 
(1171) g(v) - c +0 f(v) = o(v). 

Therefore, we can write 

(1172) S(v) = v 3 6(v), 

with 

(1173) Sg C ,1 (0,e]nC'°[0,£], 5(0) = 0. 

We now show that dS/dv extends continuously to 0. From the definition (I1169D we obtain 

£(») = (vw-=«)£(»). 


V(v) =c +0 + ^(l + y{v))v + v 2 V(v). 


(1174) 

where (see (II153D . (111541) 1 
(1175) 
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We have 
(1176) 
Therefore, 
(1177) 

and we obtain 
(1178) 
where 
(1179) 

I.e. 

(1180) 

It follows that 
(1181) 


1 + y{v) 1 r dy . , , 


1 [ v d y< 'w / 

- / T\ v ) dv ■ 
v J 0 dv 


lim l+M = %) 

v->o v dv 


lim !M_£±2 = v 2t 

v —>0 V 


F2:= || (0) + y ( 0). 


V(v) - c + o = V 2 v 2 + o(v 2 ). 

1 dS _V 2 A 
«-vo v 3 dv 3 k 2 ’ 


where we used the first of (111581) . Taking into account 5(0) = 0, this implies 
(1182) 

Hence, 

H 2 A 


(1183) 


lim 15 = -^4. 
«-vo n 4 12 k 2 

1 dS 35 


lim 4" = lim , , 4 

u-K) dti u->o \ n 15 dv v 


12k 2 ' 


Thus 5 extends to a C 1 function on [0, e], i.e. we have 

(1184) fleC^O.e]. 

Looking now at the proof of lemma [5^1 we see that the above asymptotic forms constitute all 
the necessary requirements for this proof to hold. Therefore, we have 

(1185) 


dAV (v) = ^ \ «^(«) + ^( V )\+ 0(v\\Af\\ x ) + 0(v\\Ay\\ x ). 


dv A 

Now we look at the partial derivatives of t. We recall (110631) : 

dc- dt dc + dt 


(1186) 


d 2 t 


dudv c + — c_ \ dv du du dv / 
Integrating with respect to v from v = 0 yields 

m 

lhL [ 

where we recall 

1 dc + 
c+ — c_ du 


(1187) ^(u,v) = e~ K M {/*'(„) - J Q V e K(u ’ v ' ] (u,t/)dw'} , 


I\(u,v)= / (— v)(u, v')dv', /i 

Jo 


(1188) 
and 

(1189) -- „ • 

c+ — c_ dv 

We also recall from the proof of proposition 16.11 the expressions (110861) , (11089D : 


1 dc- 


(1190) 


dt 

— (u,n) = o u (u), 
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(1191) 


Dt 

— (u, v) = 2vf(0) + uo v ( 1). 


From the second of (1106111 we obtain 

dt 


(1192) 

From (110901) we have 
(1193) 

From (110871) we have 
(1194) 


g v ( u ’ v ) = ^ v + uo v (l). 


v(u,v) = 


c +0 — c_o 


Ou( 1). 


u(u, V) = o v ( 1 ). 


Using this together with (111911) in (I1187D and recalling (110641) and the second of (110611) . we 
obtain 


(1195) 


dt A(3 u 2 — v 2 ) 

du 1 6k(c+o — c_o) 


+ o u (u 2 ). 


We now improve the expressions for /i and v. From 
(1196) 


d/3 dt g 
du du 


we have 
(1197) 

From 
(1198) 
we have 
(1199) 
Therefore, 

( 1200 ) 

which implies 

( 1201 ) 




da dt ~ 
dv = dv A 


f v f dt 

a(u,v) = oti(u) + J {—A)(u,v')dv'. 


da. . dai . f v ( d 2 t ~ dt dA 
!hS U,V ^ = ~d^^ + J 0 + dvdu 


(u, v')dv', 


da 

du 


( u, v) = do + 0 (u). 


In view of (110781) and the second of (111881) we have (recall that (<9c+ / da) 0 do = k) 


( 1202 ) 

From (111921) and (111981) we have 


n{u,v) = -1- 0 (u). 


da 

dv 


c+o ~ c_o 


(u, v) = 0(u). 


(1203) 

From (111961) we have 

(1204) P(u,v) = /3+(v) + J (u',v)du'. 

Therefore 

w, , m i. r t d 2 t - ata6\,, , 


(1205) 
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£>l 

dv 


(u, v) = 0(u). 


which implies 
(1206) 

In view of (110831) we have 

(1207) v(u,v)=0(u). 

Now we look at 1 / 7 ( 11 ) given by (see (13201) 1 

c+{v) - V(v) 


V{v) — c_( v ) : 


(1208) 7 ( 11 ) := 

where 

(1209) c±(v) :=c±(a + (v),P+(v)). 

Using the above asymptotic forms for oq., j3+ and V we obtain, in exactly the same way as we 
did in the part on the fixed boundary problem, 

1 c+o — c _0 , 


( 1210 ) 

with 

( 1211 ) 


7 ( 11 ) 


'(I +P(v)) 


p(v) = Po(v) + 0(v), po{v) = 


\{y{v) + 1 ) 

1 - h(v( v ) + 1 )' 


The above asymptotic forms now allow us to follow the proof of lemma 15.11 We thus obtain 


( 1212 ) 

(1213) 


dAf 


dv 

dAS 


dv 


{v) 

0 ) 


< 77 T^\\Ay\\x + C sup |AU| + u||A/3+|| a + *>||Ay|| x > , 


24k 2 


A 


[0,u] 


< l|Ay||x + c< sup |AU| + u||A/3 + || a + u||Ay|| A } , 


24k 


[0,t 


(1214) ||Aa+||.Y < Cv 2 < sup |AU| + u||A/3 + || x + || Ay\\ x > ■ 

UM J 

We now combine (111671) , (111681) , (111851) , ( 112121 ) , (112131) . (112141) in the same way as we did in 
the proof of proposition 15.21 and find, for e sufficiently small, 

l|Ay||x < \\\ Ay\\x + c\ u||A/3+|| a + sup |AU| 1 , 

3 I [o,d I 


II Aj3+\\x < C < || Ay|| A + sup |AV| + v\\A$ + \\ x > , 

{ [o,®] J 

sup | AU| < C < u|| Ay|| A + v sup | AU| + u 2 ||A/3 + ||. Y 1 ■ 


(1215) 


[0,1 


[0,v 


These imply, for e sufficiently small, 


(1216) 


II Ay||x < C l v\\A$+\\x + sup |AU| > , 

[0,e] 


(1217) 

(1218) 


II A/3 + || a < C < ||Ay|| x + sup |AV| > , 

[ [0,e] J 

sup |AU| < clv\\Ay\\x + v 2 \\ A/3+|| a } . 
[o,e] 1 J 


Substituting (112161) in (I1217D and (I1218D yields 


(1219) 


l|A/3+||x < C sup |AV|, 

[0,e] 
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(1220) sup|AP| < Cv 2 \\A.p + \\ x , 

[0,e] 

for e sufficiently small. Substituting (112191) in (1122011 gives, for e sufficiently small, 

(1221) AV = 0, 

which gives 

(1222) ||A/3+|U=0, 

which gives 

(1223) \\Ay\\ x = 0. 

In view of (1121211 . (112131) and (112141) . the vanishing of these differences implies that also the 
differences of /, 5 and a+ vanish. Now we make use of estimates appearing in the proof of 
lemma ED In all these estimates there appear no indices in the present context. F(u) given by 
(I866D vanishes. Therefore, in view of (18751) . (I876D the differences of the partial derivatives of t 
vanish. In view of (17831) . (17841) the differences of a and P vanish, therefore also the differences 
of /i and v vanish. In view of (17781) also the difference of r vanishes. In view of (18151) . (18221) the 
differences of da/du and dfi/dv vanish. In view of the characteristic system the differences of 
da/dv and d/3/du vanish. In view of the Hodograph system also the differences of the partial 
derivatives of r vanish. Therefore, the two solutions (prime and double prime) coincide. This 
completes the uniqueness proof. □ 


6.3. Continuity of L + a and L + /3 across the Incoming Characteristic originating at 
the Cusp Point. In the present subsection we carry the argument of the above proof further. 
In particular we will first improve the estimates (I1192D . (112031) and (112061) . Then on the basis 
of these improved estimates we will show the continuity of L + a and L + /3 across C_. 


Proposition 6.2. L + a and L + /3 are continuous across C_. 

Proof. Let us consider dt/dv, d/3/dv along /C. We have, along 1C, 

dt df 


(1224) 

and, by proposition l6.il 
(1225) 

(1226) 

Evaluating (111951) at u = v we obtain 
(1227) 


dt 

dp = 

du 

dv 

A 

3 k? V 

+ 0[v 2 ), 

A ( 

* 

<^> 

3k 2 \ 

V dt J 0 


dv du 


dv dv du 

df, x 

At („1 = _2_ | itL i „4.nr„2, 


A 


— ( i = _ 
du Vl V 3k(c+o — c_o) 


v 2 + o(v 2 ). 


From (112251) and (I1227D we obtain, through the first of (I1224L 
(1228) 

By (111961) and (112271) we get 
(1229) 

From (112261) and (112291) we obtain, through the second of (112241) , 


dt , A o\ 

ai {v ’ v) = 3^ v + ° (v >■ 


= 0{v 2 ). 


(1230) 


dp, x A (dp* 

a; iv ’ v) = 3^ {-m 


v + 0(v 2 ). 
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Let us then consider the system <1325)1 . <1323)1 along any incoming characteristic. It is a system 
of the form (13301) : 


(1231) 


d_ ( d(3/dv \ = f an a 12 \ ( d/3/dv \ 
du V dt/dv J y a 2 i a 22 J ^ dt/dv J ' 


This is a linear homogeneous system with a coefficient matrix 


(1232) 


{ On Cli2 
\ «21 022 


which is continuous on T e . The initial data are on K, and given by (112281) . (1 12301) . Let the 
matrix to be the solution of 


(1233) 


Then the solution of (112311) is 


(1234) 

Since 


dm 

—— = am 
du 


m\ K = id. 


d/3/dv 

dt/dv 


= TO 


dfd/dv 

dt/dv 


K 


(1235) 

and by (112281) , (I1230D , 
(1236) 

it follows that 
(1237) 

i.e. by 0T225D . 1)12331) . 
(1238) 

(1239) 


to — id = 0(u — v ), 


( d/3/dv 
dt/dv 



0(v), 


f d/3/dv 
^ dt/dv 


d/3/dv 

dt/dv 


+ (D(uv), 
K 


dt A . 

lh>' V ’ = 3^2 V + °( UV )’ 


dp A 



v + 0(uv), 

0 


which improve (I1192D and (I1206D respectively. Also, (112381) implies, through (I1198D . 


(1240) ^(u : v) = ^-v + 0(uv), 

which improves (112031) . 

Since a and t are by construction continuous across C_ while /3 and r satisfy along C_ the 
o.d.e. system 

(1241) W = dt_£ 

du ou 
dv St 

(1242) - = — c-M), 

du ou 

while 


(1243) mO)=d*(0,0)=do, r (0, 0) = r*(0, 0) = r 0 , 

at the cusp point, it follows that r and j3 are continuous across C as well. Then, 

da/dv 


(1244) 


L + a = 


dt/di 


= A( a >Pi r ) 


is also continuous across C_. 
Let us consider 


L+d 


dd/dv 
dt/dv ' 


(1245) 
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From (I328II . (13291) we have 

1 


(1246) 

(1247) 

(1248) 

(1249) 


dt dc- 


a n — 


c+ — c_ du d/3 


B 


«12 = — 


021 = 


1 f dc+ 

c+ — c_ \ du 

1 dt dc- 
c+ — C- du d(3 ’ 


dt dB 
du d/3 ’ 

dt dc- 


du da 


A) B 


dt_[dB_x EE 

du \ da dr ° + , 


1 


«22 = 


dC-i 


dt dc _ 
du da 


A 


c_|_ — C— \ du 

We see that the matrix a is continuous across C_. This implies that the matrix m is continuous 
across C_. By (112341) , 

miiL + /3\ K + m i2 


(1250) 

while by (112281) and (I1230D . 


L+P = 


77721-9+91*: + to 22 7 


(1251) (L+0 )o = lim L + P\ k = lim (f^) («,«) 

Hence L+/3 is continuous across C as well. 




□ 


7. Higher Regularity 


In the following we denote by P m , ra a polynomial in u of degree m starting with an n’th 
order term. We denote by P m ,n(v ) a sum of P m>ra and a function of 0(v m+1 ). We then define 
Pm{v) := P m , o(u). We also denote by Q m , n {u,v) a sum of a polynomial in u and v of degree 
m starting with an n’th order term and a function of 0(u m+1 ) (we recall that in the domain 
in question, i.e. in T e , we have 0 < v < u < e). We then define Q m '■= Q m , o- We extend the 
meaning of P m ^ n and Q m ,n to the case n = m + 1 by 

(1252) P m , m+1 :=0(v m+1 ), Q m ,m+i '■= 0(u m+1 ). 


Furthermore we will use the definitions 

r d m v ~ 1 

(1253) Im,n(v) := / V ,n —^-(v')dv', I m ,n(v) ■= 

Jo UV V 

and 


(1254) 


Y m := sup 
[o+] 


d m y 

dv m 


F m := sup 
[o+] 


d m f 

dv m 


In the following we prove that the solution established in the existence theorem is smooth. We 
do this by induction, showing that all derivatives of y, / are bounded and all derivatives of t, r, 
a, (3 are in C 1 . 


7.1. Inductive Hypothesis. We make the following inductive hypotheses: We assume that 
we have bounds for Y m , F m for ro = 1 ,,n — 1, i.e. 

(Yn-l) Hi ,...,F rl _ 1 <c, 

(Pn-i) F 1 ,...,F n _ 1 <C. 


For the function a+(u) 
(u:+,n—l) 


a(v , v) we assume 

d n ~ 1 a + 


= Pi. 


dv n 1 
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For the function t(u,v) we assume, for n > 3, 

gk-2 t gk-2 t 

— = Q 2 , ■■ k < n, 


(tp,n—1) 

l) 


du k ~ 2 


dv k ~ 2 
d i+ > f d 2 t \ 


= Qi ,: k < n, 


= Qi : i + j < n — 3. 


du l did \dudv ) 

With the indices p and m we indicate that we refer to pure and mixed derivatives. 
In the case n = 2, ) is not present and (t Pjn _i) is 

(Jp, i) 


For the functions a and /3 we assume 
d k ~ 2 a 


(&p,n— l) 
(^m,n—l) 
{0p,n — l) 
l) 

and 

(t*0,n-l) 

(A),ra-l) 


du k ~ 5 


= Q 2, ■ k <n, 


t = Q 2 - 
d k ~ 2 a 


d k ~ 2 (3 
du k ~ 2 


= Q2, ■ k < n 


dv k ~ 2 
d l+ i f d 2 a \ 
du l dvi \dudv J 
d k ~ 2 f5 


dv k ~ 2 
d i+ J ( d 2 /3 \ 
du l dvi l dudv) 


= Q 1,: k <n, 

= Qi ■ i + j < n - 3, 
= Q 1,: k <n, 

= Qi : i + j < n — 3, 


d n 1 a d nl a 

T — Q„n-1 — 


du n ~ 
d "- 1 


<9u ? 


— — Qo, 


dv' 

gn-lp 

'dv ' 1 


— — Qo- 


are 


For n = 2 the properties ( jom.rt-ij )- (/ 3 m , n -i I are not present and j ), (dp,n- 1 

(«p,i) o; = Q2, 

(/ 3 P ,i) /3 = Q 2 - 

7.2. Base Case n = 2. We show that the inductive hypothesis holds for n = 2. We are going 
to use estimates established during the existence proof. The index on functions in estimates in 
the existence proof was in order to label the iterates. These estimates also hold in the limit 
hence without any indices. Also the dependencies on 62 of the bounds are not present anymore 
since 82 has been chosen appropriately. 

Since Y\=Y, where Y was defined in (I314D . we have from (17541) . 

(*i) Vi < C. 

From (16371) we have 

(F\) Fi < C, 

while from (17231) we have 

da+ 


(<*+, 1 ) Z J L - = Pl¬ 

an 

Using now the first of (17151) in 

f v dt 

(1255) t(u, v) = t(u, 0) + / — {u,v')dv' 

Jo dv 


together with the fact that t(u, 0) = u 3 h(u ), where h is a smooth function, we obtain (f Pi 1 
From (111971) . (112011) . (112031) . (112061) we have 


(1256) 

( 1257 ) 


(r- = Qo- ^ = 

ou ov 

9/3 -o 99 - o 

TT~ ~ Vl,2, TT“ — W0,1- 

OU OV 
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Therefore, (ao,i) and (/?o,i) hold. 
We have 


(1258) 

From 
(1259) 

together with the first of (17151) we obtain 
(1260) 


, . , . f v 9a , , 

a(u,v) = aAu) + / -—[u,v)av. 

Jo 9v 


da dt ~ 


da 

dv 


— Qi.i- 


Using this together with the fact that a, is a smooth function in (112581) . we deduce that (a p ,i) 
holds. 

We have 


(1261) 

From 
(1262) 

together with the second of (17151) we obtain 

d/3 


P(u,v) = P+(v) + J ^-(u',v)du'. 


9j3_ _ 9t_ jo 

du du ’ 


du 


— Qi,i- 


(1263) 

From the second of (111611) we have 

(1264) /3+ = P 2 . 

Using this together with (112631) in (112611) we deduce that (/3 P ,i) holds. We conclude that the 
inductive hypothesis holds in the case n = 2. 

7.3. Inductive Step. We now show the inductive step, i.e. we show that p^ ra _iP, .. ., (/?o,n-i 


hold with n in the role of n — 1. Once this is proved, we have proven the following regularity 
theorem. 


Theorem 7.1. The solution whose existence is the content of theorem \5 . 1\ and whose uniqueness 
is the content of theorem 16.11 is actually smooth. 


We remark that to see that also the function r(u,v) 1 which is not present in the inductive 
hypothesis, is a smooth function, we appeal to the Hodograph system, i.e. to (I161D . 

We write 


(1265) 


d k ~ l y 

du fe_1 


d^y\ 

dv k ~ x ) 0 


d*y 

dv k 


(v')dv', 


where we recall the notation (-) 0 for evaluation at the cusp point, i.e. for functions of v evaluation 
at v = 0. Since z = vy, we have 


(1266) 

Setting i = n — 1 and using (112651) . 
(1267) 


dJz _ ^ dJy | . d* 1 y 
dv 1 dv 1 dv 1-1 

we deduce from the inductive hypothesis p^ n _iP 


This implies, through integration, 


( 1268 ) 


d m z = f P n _ i ; i m = 0, 

dv m \ Pn—m—i 1 < m < n - 1. 
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Recalling f(y) = v 2 f(v) and making use of the assumption ( |F ra _i[ ) we obtain, analogous to 
the way we arrived at (112681) . 


(1269) 


d m f 

dv m 


Pn, 2 

m = 0, 

Pn- 1,1 

m = 1, 

P 

J n—m 

2 < m < n — 1 


Making use of assumption ( jQ +i „_ij ) we obtain, through integration, 
(1270) dma+ 


dv n 


= Pn-m ■ 0 < TO < Tl — 1. 


We now look at the behavior of a_(u) and P-{v). Recalling 
(1271) a-(v) = a*(f(v),z(v)), p-{v) = (3*(f(v),z(v)), 

where a*(t, w ), w) denotes the solution in the state ahead and t(v, v ) = f(v), w = z(v) are 

substituted, we have 

da. 


(1272) 


dv 


da* df da* dz 


df- a/3- df a/3’ .dz 

4 = ¥ l, ’‘ l 4 + #' l 4' 


Now, by (I1268D and (112691) we have 

da 


(1273) 


dt 


(f,z) = Pn- 1 , 


da* 

dw 


(/, z) = P „-1 


and for higher order derivatives we have 

d i+j a* 


(1274) 


if,z) = Pn- 1 :i + j<m. 


dt l dwi 

Analogous, but now taking into account the fact that ( d(3*/dw) 0 = 0, we have 


(1275) 


dt3* 

~dt 


(f,z) = Pn- 1 , 


dp* 

dw 


if, Z) = P n - 1,1 


and for higher order derivatives we have 

d*+ip 


(1276) 


(f,z) = P n -1 :i+j<m. 


dddwi 

Taking m — 1 derivatives of the first of (112721) and making use of (112681) . (112691) . (112731) and 
(112741) we obtain 

d m a- 


(1277) 


dv 71 


= P n -m-1 ■ 0 < m < n - 1. 


Taking m — 1 derivatives of the second of (112721) and making use of (112681) , (I1269D , (112751) and 
(I1276D we obtain 


(1278) 


d m p _ 
dv m 


Pn 


m = 1, 


Now we look at the behavior of p+(v). For this we recall [/?] = [a] 3 G(a+, a_, /3_). We have 


(1279) 


d m [P] 

dv m 


= E 


i =0 


m\ d l [a] 3 dT^G 
dv 1 dv m ~ l 


From (112701) . (112771) and taking into account a_(0) = a+(0), we obtain 


(1280) 

and 

(1281) 


fed = P n - 


n- 1,1, 


dv n 


\aV = P, 


n ,2 5 


\a\ = P 


n+1,3? 


= Pn-m- 1 : 1 < m < n - 1 
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and similarly 
(1282) 


dv n 


-Fra,2 

m = 1, 

Pn— 1,1 

m = 2, 

-Fra—m+i 

3 < m < n — 1 


In view of (I1270D . (I1277D . (112781) we have 

d m ~ l G 


(1283) 


dv m ~ i 


= Pr,- 


n—m-\-i— 1 • 


Using (112801) . (112821) and (112831) in (I1279D we obtain 

d m \B] 


(1284) 


dv 11 


Therefore, from (112781) we obtain 

d m /3+ 


(1285) 


dv r ‘ 


-Fra+1,3 

m = 0, 

Pn, 2 

m = 1, 

Fn-1,1 

m = 2, 

Pn— 771+1 

3 < m < n — 1 

Pn — 1,1 

TO = 1, 

P 

1 n—m 

2 < TO < n — 1. 


We note that (I1270D . (I1277D . (112781) and (112851) constitute the behaviors of a±(v ), P±(v). 

7.3.1. Estimate for d" _1 V/ dv n ~ l . We turn to estimating d n ~ 1 V/dv n ^ 1 . We recall 

[T tr ] 


V = 


dV 


1 


dv [T“] 


(1286) 

which implies 
(1287) 

We use the notation 

(1288) c± = c±(a+,0+), 

and we recall (see (11861) . (11871) 1 

(1289) 


[T t; 


d[T tr ] d[T tt ] 

dv dv 


c± = c±(a_, /?_). 


dT tr 


dT u 


da 


= c+- 


da 


dT tr 

~dfT 


dT u 

~df' 


(112871) becomes 
dV 


1 


. 8T tt „ „ ,da+ , dT u dp+ 


dv pr**] U+ - l ' ) TT ( “ + ' /i+) TT + {s - - F) Tr (Q+>/i+) lhr 


(1290) 

Defining now a{v) and b(v) by 
(1291) 


da 


dv 


dd 


dv 


a: =_J_A \r t 


[T M ] dv 


(1292) 


b := 


1 


i.e. 


1 f <9T M 


[T« 
da+ 




dT tt 


. da_ 
dv 


b = 


[T«]\ 9a (a+ ’ /3+) du 9a 

dT t( . ,d/3+ ,d/3_ 

+ ^(a + ,/3 + )—-^(a_,/3_) — 

i {(c+ - '+»)^7(«+.-3+)^ : - d+ - c +o )^r(«-A) 


[T t; 


da_ 

du 


( 1293 ) 
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. ,dT u . n . d/3+ ,dT tt , n ,d/3_ 

( 1294 ) + ~ C+o) ~df {a+,l3+) ~^ ~ ^ C ~ ~ C+o) ^ {a -^- )J t 

we can rewrite (112901) as 

(1295) 3 — = (V — c +0 )a + b. 

dv 

Now we define a by 

(1296) a(v) := a(v) H—. 

v 

With 

(1297) u := V — c+o, u ■= vu, b := vb, 


(112951) becomes 

nil ~ 

(1298) = au + b. 

av 

The (i — l)’th order derivative of this can be written as 


(1299) 


Differentiating this we obtain 


(1300) 


d i+1 u 

dv i+1 


d l u _ _ ~ 

— = ai-iu + bi-i. 

dir 


( ddj -1 
\ dv 


+ ahi-i 


u + 


dbj -1 
dv 


di-ib , 


which gives us the following recursion formulas 


(1301) 

(1302) 

Solving these gives 


at 



Q>i—1 5 



di-ib, 


a 0 = a , 


b 0 = b. 


(1303) 



k = 


d l b 
dv 1 


£ 

m =0 


d I ~ 1 ~ m (h m 6 ) 

d v i-l-m 


In the expression for the n’th derivative for y there will be involved the ro’th derivative of / 
which in turn involves the (n — l)’th derivative of V. Therefore, we have to estimate 

d n ~^~ 


(1304) 


dv n 


= d n - 2 u + b n - 2 - 


To estimate a n _2 we have to estimate the n — 2 order derivative of a. To estimate b n -2 we 
need to estimate the n — 2 order derivative of b and the n — 3 order derivative of a. We consider 
first b n - 2 - We derive expressions for a, b to 0(v 2 ). We start with b. Since [T t 4 (0)] = 0, we have 
to estimate the n — 2 order derivative of the numerator of b to 0(v 3 ). Let us denote by T) the 
i’th term in the curly bracket of (112941) and let 


4 


(1305) 

WI 

l 

J[ 

Then 


(1306) 

, N 

[T “I - 

We have 

dT u da 

A =- ( C+- c+o) g a (a-,0-) d ~ 
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(1307) 

Let us look at 
(1308) 




da 

d n ~ 2 
dv n ~ 2 


(c+ - c+o) 


Using (U26GD with n— 1 in the role of i and in the resulting expression (112651) with n and n — 1 
in the role of k we obtain 


(1309) 


d n ~ 1 z - I"" d n v f v d n v 

— =Pi+ nv I ^(v')dv' - (n - 1) / 


dv 


dv r ‘ 


Using now (113091) with n — 1 in the role of n and using (112651) with n in the role of k for the 
resulting integrands yields 

(1310) 

d n ~ 2 z - n 2 f v d n y . . , f v ,d n y . , . n — 2 f v /2 d n y . . 

d^ = n+ 2 V L d^ {v)iv I *- ' ’’ 


2 dn 71 


We rewrite (113091) and (113101) as 


(1311) 

d n ~ 1 z 
dv n ~ 1 

(1312) 

yn-2 7 

dv n ~ 2 

d n ~ k z 

(1313) 

dv n ~k 

(1314) 

dz 

dv 


n — 2 . 


In, 2 , 


= Pk-i : 3 < fc < n — 2 , 


where (113131) follows directly from (112681) and (113141) follows from z = vy, y{ 0) = — 1. 
Since 

(1315) c + (v) = c+(a-(v),0-(v)), 

we have, in view of (112771) . (11278D . 

dr 


(1316) 


dv 1 


-(c_)_ C-)_o) — P n — m — i- 


Taking the derivative of (113151) we obtain 


dv 


dc 


da* 


dcj, 


dp* 


— (c+-c +0 ) = < — + — — 


da 


dw 


dp 


dw 


dz 


dv 


(1317) 


dc 


da* 


dcA 


dp* 




da 


dt 


dp 


dt 


df 


dv 


Taking n — 3 derivatives of this and making use of (112681) . (112691) . (I1277D . (112781) . (113141) and 


(1318) 
we obtain 
(1319) 

Substituting (113121) we obtain 
d n ~ 2 


dp* 

dw 


= 0 , 


/ dc + \ f da* 


\ da / n V dw 


dv 1 


— (c+ - c+o) = P 2 + - 


dv 


n —2 ’ 


(1320) 

(1321) 


dv n ~ 2 

jn—k 


(c+ - c+o) = P 2 + 0 - (n- l)vI nA + n 2 J ra 


dv- 


— r(c+ - c+o) = Pfc-i : 3 < k < n — 2, 
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(1322) 

(1323) 


— (c + - C+o) = ~K + P n - 2 , 1 , 
dv 

C+ - C+o = ~KV + P„- 1,2, 


where (1132111 is (1131611 with m = n—k , (1132211 follows from (II 31 711 . (113181) and (1132311 follows from 
c+(0) = c+o- We note that (1131 ID - .. ., (1131411 and (1132011 . ..., (1132311 express the derivatives of 
z and c+ — c+o to 0{v 3 ) for n > 5. In the case n = 4 the derivatives of z and c+ — c+o to 0(v 3 ) 
are given by the same expressions with the exceptions of (1 13 1311 and (113211) which have to be 
excluded. In the case n = 3 also (113141) and (113221) have to be excluded, i.e. in the case n = 3 
the derivatives of z and c+ — c+o to 0(v 3 ) are given by (I1311L (I1312D . (113201) - (1132311 . Finally, 
in the case n = 2 the derivative of z to 0(v 3 ) is given by (1131111 and c+ — c+o to 0(v 3 ) is given 
by (113201) . The fact that the latter is true is seen from the fact that (1131211 is also true for n = 2 
and then using this in (113191) which in the case n = 2 is the Taylor expansion of c+ — c+o to 
0 (v 3 ). 

Integrating by parts we have 


(1324) 


In,m — 


d n v d' 

v -r—{v )dv = v 


y 


dv r 


dv n ~ l 


d n ^ 7 / 

fm— 1 ^ y ( t\ 7 f 

mv , (v )dv . 


dv r ‘ 


By the inductive hypothesis this is 0(v m ). In the case m = 0 we have 


(1325) 


Jn-1 


In, 0 — 


d n y, , _ J _ 

dv n ^ V dv n ~ 1 


y 


jn— 1 


du n_1 


which is 0(1) by the inductive hypothesis. (1132411 and (1132511 imply 
(1326) v k I n , m = 0(v m+k ), v k I n , m = 0(v k ). 

Now, in the case n > 5 we have 


d n 2 ( f0 x dz 

dv n ~ 2 C+o) dv 


n —2 


n — 2 
i 


(1327) 


= £ 

2=0 

n —3 

= £ 

2=2 

+ (c+ - c+o) 


Ji jn-l-i 7 

Li . 0 .Li /O 

dd ( C+ ~~ 0+0 ’ dy™- 1 -* 


n — 2 
i 


-(c + -c + o) 


+ {n-2) — (c+-c+ 0 )- 


. d n 2 0 dz 

J,.n -2 ^ C + C + 0 ^ ' 


du ra_1 v 1 dv v ~ r ~ r ' J ' dv n ~ 2 

All terms in the sum are products of terms of the form (1131311 and (1132111 therefore they are all 
a P 2 . For the second line in (113271) we make use of (113111) . (113121) . (113141) and (113201) . (113221) . 
(I1323D together with (113261) . Therefore, we obtain in the case n > 5, 


Jn—2 


dv n ~ 2 


( (8+ - c+ ” ) 5 j) 


— P 2 KJni 


mn ■ 


(1328) 

where we defined 

(1329) J n := 

In the case n = 4 the sum in (113271) is not present and (113131) . (113211) are not needed. 
Therefore, (113281) is valid in the case n = 4 as well. 

Let us look at the case n = 3. From (113121) and ( dz/dv) 0 = — 1 we have 


1) 2 r / r (n — l)(n — 2) 

—V In, 0 - n(n - 1 )vl n ,i + - -r- -In, 2 - 


dv 


(1330) 

Using this together with (I1318D in (113171) yields 
(1331) 


dz — 1 o 

= —1 + 7*2,1 + ^ {3^ ^3,0 — 4U/3+ + 13,2} • 


-y-(c+ - c+o) = -k + P 2 , 1 + ^ |3u 2 / 3i o - 4u7 3 1 + / 3 , 2 } . 
dv 2 *■ ’ 
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Using now 11131 ID in the case n = 3 together with (113231) . IU330D . <113311) we obtain 


(1332) 


37 ( (c+ - c+o)^ ) = Pi ~ kJ 3 


dv 


dv 


which is (11328D with 3 in the role of n. Therefore, (113281) is valid in the case n = 3 as well. 
In the case n = 2 we have from (113111) together with (dz/dv) 0 = — 1 


(1333) 


dz 

-J- = — 1 + Pi, 1 + 2u/2,0 ~ -^ 2 , 13 

dv 


while from (113201) in the case n = 2 together with (c+)o = c +o, (d(c+ — c+o)/dc) 0 = —k, 
(1334) c+ — c+o = — kv + p2,2 + k {v 2 l2,o — c/ 2 , 1 } • 

From (113331) and (113341) we obtain 


(1335) 


o dz 

(c+ - C+ o)— = KV + P 2} 2 - kJ- 2, 
dv 


which agrees with (113281) in the case n = 2. We therefore that (113281) is valid for n> 2. 
Integrating (113281) we obtain 


(1336) 

(1337) 


^ ( (c+ - c+o)^)) = Pn-k-i : k < n - 3, 


dn / 

(c+ - c+o)^ 1 = 
dv 


d n ~ 2 ( r n df 

dv n-2 ( ( C + C + 0 )^ 


We note that these are valid in the case n > 4. In the case n=3we have to make use of (113321) 
instead of (113361) ( (113371) stays valid), while in the case n = 2 we have to make use of (113351) 
alone. 

Now we look at 
(1338) 

From (112691) we have 
(1339) 

(1340) 

(1341) 

(1342) 


r-ln—l 


f 


dv n_1 
d n ~ 2 f 

dv n ~ 2 

d n-kf 
i—k 


dv' 


= Pi, 

= P 2 , 

— Pk ■ 3 < k < n — 2, 


df -P 

~r — Uri-l.l- 

dv 


We note that (113391) . ..., (113421) express derivatives of / for n > 5. In the case n = 4 the 
derivatives of / are expressed by the same expressions with the exceptions of (1 13411) which has 
to be excluded. In the case n = 3 the second and first derivative of / are given by (U339D and 
(113421) respectively. Finally in the the case n = 2 the first derivative of / is given by (113421) . 

We start with the case n > 5. We have 


jn—2 


dv n ~ 2 


(c+ - c+o) 


n —2 


= £ 

2=0 

n —3 

= £ 


n — 2 
i 


d‘ ,o y d 

dv i C+ °^ dv n ~ 1 ^ 


f 


n-2\d l d n 

dy i ( C + C + 0 l dv n-l-i 


(1343) 


d n ~ 1 f d d n ~ 2 f 

+ (e + -c + o)^ + (n- 2 )-(c + -c+o)^i 


Jn —2 




All terms in the sum are products of terms of the form (113211) and (I1341D therefore they are all 
a P 2 . For the second line in (113431) we make use of (U320D . (113221) . (113231) and (113391) . IU340D . 












































































112 


D. CHRISTODOULOU AND A. LISIBACH 


(1134211 together with (113261) . We see that in the case n > 5 all terms in (1 134311 are a P 2 and 
therefore so is (113381) . In the case n = 4 the sum in (1134311 is not present, hence (1132111 and 
(113411) are not needed. Therefore, also in the case n = 4 (113381) is a P 2 . In the case n = 3 we 
use (113311) together with (I1323D , (113391) , (113421) . We obtain that also in the case n = 3 (113381) is 
a P 2 . Finally in the case n = 2 we use (1133411 and (113421) . We conclude that, for n > 2, 


(1344) 


jn—2 


dv n ~ 2 

By integration we obtain from (113441) 


(? +- c+o) £ I =n - 


(1345) 

(1346) 

(1347) 


d k 

dv k 

d_ 

dv 


(c+ - c+o) 


= P„,_fc : 2 < k < n - 2, 


r sdf 

(c+ - c+o) — 
dv 


= Pn- 


n—1,15 


df 


(c+ C+o) ^ — Pn, 2 - 


Here (113451) is only valid for n > 4 and (113461) is only valid for n > 3. 
Let us define 


(1348) 


Pi := 


(1349) 

From (112681) . (112691) we have 
d k F 


P 2 := 


(1350) 

(1351) 


dv k 

Pi = do 


= Pn-k -1 :k<n- 2 for F e {Pi, P 2 }, 

dT it\ 


da J ( 


Pn — 1 


where for the second we used (da*/dw ) 0 = do- 
Now, in the case n > 4 we have 


dv 


^( fl(S+ - c+ 4) =E 

i=0 
n —3 

= E 

2—1 


n - 2 \ d^F 1 d n “ 2 - i 
i ) dv 1 dv n ~ 2 ~ l 

n - 2\ d l F 1 d n - 2 - i 
dv' 1 dv n ~ 2 ~ l 


,0 

(c+^c+ 0 )^ 


(S+-C+ 0 ) 


(1352) 


d n 2 ( 0 

+ Fl d^( (C+_C+o) ^J + 


d n ~ 2 F 1/0 dz 


dv n ~ 2 (C+ C+o) du‘ 


All terms in the sum are products of terms of the form (113361) and (I1350D therefore they are all 
a P 2 . For the first term in the second line of (113521) we use (1132811 together with (113511) and for 
the second term in the second line of (1135211 we use (113371) . We find 

'dT tt \ 
da ), 


(1353) 


dv n ~ 2 

In the case n = 3 we have 
d 
dv 


d n 2 f dz 

/ Pi(c+-c+o)£ ) =P 2 -a 0 K 


dn ■ 


(1354) 


Fi(c+ - c+o) 


dF\ a dz d 


(c+ - C+o) 


Making use of (113321) . (113371) . (113501) . (113511) we see that (113531) is also valid in the case n = 3. 
In the case n = 2 we make use of (I1335D . (I1351D and see that (113531) is valid in the case n = 2 
as well but we have in particular 


dz 


fdT u \ 


Fi(c+ - c+o)— = P 2j2 + d 0 K ) (v-J 2 ). 


(1355) 


da 


0 
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Now, in the case n > 4 we have 

m -2 / d p "- 2 


dv r 


~( F ‘< 

' 2=0 

n —4 

= E 

2=0 


n-2\d l F 2 d"- 2 - i .df 

35 — (c+ -c +0 j — 


n-2\d l F 2 d n ~ 2 ~ l (, a .df 

,n — 2—i ( ( C + C +°) J,. 


(1356) 


+ [n — 2) 


du* du" 

d n ~ 3 F d 
dv n ~ 3 du 


dv 


(4 ~ C+0) £) + W,,n-2 


^ 2,0 ,d/ 

dv n ~ 2 ^ C+ C+ ° av' 


All terms in the sum are products of terms of the form (113451) and (I1350D therefore they are all 
at least a P 2 . For the first term in the last line of (I1356D we use (113461) together with (I1350D . 
For the second term in the last line in (113561) we use (113471) together with (113501) . We find in 
the case n > 4, 

We„)- r 


(1357) 


dv n ~ 2 


dv 


= P 2 . 


In the case n = 3 the sum in (113561) is not present and the second line in (113561) is dealt with 
in the same way as in the case n > 4. We see that (I1357D is also valid in the case n = 3. In 
the case n = 2 we use again (113471) together with (I1350D . We see that (I1357D is also valid in the 
case n = 2 and we have in particular 


(1358) 


F2{c + — C + o)-J^ = ^2,2- 


From (II 35311 . (113571) . in view of (I1307D and the definitions (1 13481) . (113491) . we deduce, for 
n > 2, 

fdT tt \ 


< 1359 > = « 

In the case n = 2 we have in particular, from (113551) (113581) . 

'd T tt \ 


da ■ 


(1360) T 2 — Pi,2 — do n 

We turn to 
(1361) 

where (see (112941) . (113051) . (113061) ) 

(1362) 

where we defined 
(1363) 


S3, 

{y- J 2 ). 


da / ( 

d n ~ 2 T i 
dv n ~ 2 ’ 


Ti = (c+ - c+o)^(a + ,/3+)^± = F da+ 


da 


dv 


dv 


dT u 

F := (c+ - c + 0 )- 7 ^y(a+,/ 3 + ). 


Since c+(u) = c + (a + (v), /3+(u)), in view of (I1270L (112851) we have 

d m F 


(1364) 


F = Pn.U 


dv n 


From this together with (112701) we obtain 
(1365) 


= P n -m ■ 1 < m < n — 2. 


= P>. 


dv n ~ 2 

We now look at the case n = 2 in more detail. In the case n = 2 we use 


(1366) 


dT u 

da 


(a+,P+) = 


fdT tt \ 


+ ^* 2 , 1 ) 
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together with 

(1367) c+ — c + o = nv + P 2i 2 , 

to deduce (in agreement with the first of (1136411 i 

fdT u \ 

F = 


(1368) 

From (1127011 we have 
(1369) 


V da J 


KV + P 2 . 2- 


da 4 
dr> 


= do + Pi, i- 


Therefore, in the case n = 2, we obtain 
(1370) Ti = d 0 K 


9T 4t \ 
9a ), 


v + P 2 ,2- 


We turn to T 3 + T 4 (see (1129411 . (1130511 . (II30611 ) . 


Tj + r 4 = (c_ - c + „)^-(o + ,^ + )^t - (c- - 

= {(5- - c + o)^(a+,/3+) - (A - <=+o)%-(«-, A)} ^ 


(1371) 

Defining 

(1372) 

(1373) 

(1374) 

(1 13 71 H becomes 
(1375) 


,dT u , ,d[/3] 

+ (c_ - c+o)—-r-(a + ,/3 + ) 


dp 

F := (c_ - c+o) 


dv 

dT u 


dp ’ 


^:= ^(a + ,/3+), 

F:=F(a_,/?_), 


T 3 + T 4 = (F 1 - 

dv dv 


From dHTQD , dniZD , (HMD, dUHSD we have 

d 


(1376) {F-F)=P n - 1<u 

Now, in the case n > 4, 


dv 11 


(F — F) = Pn-m-i : 1 < m < n - 2. 


du 71 




i =0 
n—3 

= £ 

i=i 




n — 2 \ d 


dv n ~ 1 ~ i 
d n ~ 1 ~ i 


P- 


dv l ^ ^ dv n ~ 1 ~ l 


(1377) 


„ o rf— 1 /3_ d"~ 2 - ° d£_ 

+ ( ) A n ,n -1 + W,,n-2 ( ' 


dv n ~ 1 dv n ~ 2 dv 

All terms in the sum are products of terms of the form of the second case of (1127811 and the 
second of (113761) . For the second line in (1137711 we use the first case of (1127811 and the first of 
(I1376D . We find that in the case n > 4, 


( 1378 ) 


dv n ~ 2 


dv 
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In the case n = 3 the sum in (113771) is not present. For the remaining terms we argue as in 
the case n > 4 and find again (113781) . In the case n = 2 only the product of the first case of 
(I1278D and the first of (113761) is present and we find 


(1379) 




in agreement with (113781) . In view of (112701) . (112851) . we have 

d m F 


(1380) 


dv r ‘ 


— P 

— 1 n.—r, 


Using this together with (112841) we obtain, for n > 3, 

Jn—2 / irzin n—2 


dv r ‘ 


F dl 


dv 


n - 2\ d l F d n 


dv 1 dv rl 


(1381) 


= £ 

i =0 
n—2 

= Pn-iP'2+i = -P 2 . 

i=0 


In the case n = 2 we have, using the second case of (112841) together with (113801) . 
(1382) 




dv 


From (113781) . (113791) . (I1381D . (113821) we obtain that for n > 2, 
(1383) 


d n ~ 2 

— (T 3 + T A ) = P 2 , 


dv n ~ 2 

and, in particular in the case n = 2, 

(1384) T 3 +T 4 = P 2 , 2 . 

In view of (1 13051) . we deduce from (113591) . (113651) and (113831) 


(1385) 


Jn—2 


N 


= P 2 — d 0 n 


fdT tt \ 

V^A 


J n • 


dv n ~ 2 

In the case n = 2 we have in particular, from (1136011 . (113701) and (113841) . 

'dT tt \ 


N = _P 2i2 — d 0 K 


(1386) 

Now we look at 

(1387) , „ 

v ’ dv n ~ 2 

We first restrict ourselves to the case n > 3. Defining 
dT u 


da J 


J2 ■ 


d n ~ 2 

~ [T U ] ■ 


(1388) 

(1389) 

(1390) 

(1391) 
we have 
(1392) 


F a := 
F* := 


da 

dT u 


d/3 

Ft ’■= F[ (/, z) 


(a+,p+), 

(ci-(-, fd +)5 

where 


F w :=F^(f,z), where 


dT tt da* dT u dB* 

dT u da* dT u 86* 

F "'-=TT ( “'' 3) aJ + TT ( “'' 3 ) aT' 


d „ da+ d/3+ df „ dz 


dv 


i Ttt ]= F ^+ F t 


From (112681) . (112691) we obtain 

d m F 

(1393) 


dv n 


Pn—m— 1 1 


_ Ft— _ F 

dv dv w dv 


d m F t 


dv n 


— P 

— 1 n— 


n—m—1 • 
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In particular, from {da/dw) 0 = do we have 
(1394) F w = d 0 

Now, in the case n>4we have 


fdT tt \ 

[-foJc 


Pn- 


n—1,1 • 


dv 


n —3 


(1395) 


2 — 0 
n —3 

= E 

2=1 


n - 3\ d i F w 
i 


dv 1 dv n ~ 2 ~ l 
n- 3\ d" -2- * 


dv* dv n 


2 d n “7 
+ U 'du- 2 ' 


In view of (1126811 and the first of (113931) we see that all terms in the sum are a P 2 . For the 
remaining term we use (113121) together with (113941) . Therefore, in the case n > 4, 

<-> 


f n 2 t , lNr n — 2 1 

~^V Pi,0 (^ 1 )V Pi T ^ In,2 j 


In the case n = 3 we only have the last term in (113951) . Arguing as in the case n > 4 we see 
that (113961) is also valid in the case n = 3. From (112691) together with the second of (113931) we 
obtain, in the case n > 3, 


(1397) 


dv 


n —3 


"771 )-£ 


n - 3\ d J F t d” 


In view of (112701) . (112851) we have 

d m F 

(1398) “ 


dv n 


Therefore, in the case n > 3, 


(1399) 


(1400) 


d n—3 
dv n ~ 3 

d”" 3 

dv n ~ 3 


F 


da+ 

dv 

! dv 


i=0 


— P 

— J n—m 5 


n—3 

= E 

2=0 

n—3 

= E 

2=0 


7 


dv 1 dv 71 


= Po. 


d m Fp 

dv m 


n — 3\ d l Fv d‘ 


'n—2 —2 


a + 


dv 1 dv n ~ 2 ~ l 
7 0 


= Pi 


ra - 3\ d l F^ d n " 2 -7+ 
dv* dv n ~ 2 ~ l 


= Pi. 


From (113961) . (113971) . (113991) and (114001) we deduce, in the case n > 3, 

d"“ 2 r „„-, „ . /dT t4 \ 


(1401) 

where 

(1402) 


dv' 


A[r«] =ft-i 


5a / 




n 2t / . n — 2 

1= —V dn,0 (^ l)v/n,l T ^ In 


Now we look at the case n = 2. From (113881) and the first of (113981) we have 

dT tts 


(1403) 


F> = 


da 


+ -Pi i. 


Therefore, together with (113691) and using also (1128511 and the second of (1139811 . we obtain 

/ dT u \ 

\9a)i 


(1404) 


z? da + - ~ 

-t rv , — a 0 


dv 


+ -Pi i, 


- P 

Fp ~dio~ Pl,1 ‘ 


From (112691) and the second of (113931) we have 
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For the derivative of z in the case n = 2 we use (1131 ID . Since y( 0) = — 1, (113111) in the case 
n = 2 is 

dz — 

(1406) — = —1 + Pi t i + 2n/ 2j o ~ ^2,i- 


dv 


Together with (113941) we obtain 


(1407) 


t? dz - A 
d* w j — ^0 

dv 


/'dT tt \ 


+ Pi i + d 0 


/dT u \ 


(2vI 2 ,o — h, i). 


Using (I1404D . (114051) and (1 140 71) in (I1392D we obtain 


d[T u 

dv 


(1408) 

Since 

(1409) 

(1410) 

we obtain from (1 14081) . 
(1411) 


= 2do 


8 T U \ 
da J, 


+ Pi,i — do 


/ dT tt\ 


l da J , 


(2t;/ 2 ,o — 7 2 j i). 


' f v'l 2 , 0 {v')dv' = v 2 1 2 ,o ~ h, 2 , 
Jo 

/ I 2 ,iiy')dv' = vl 2 ,i - I 2 , 2 , 
Jo 


[T tt ] = P 2 ,2 + do (^Pj (2v - K 2 ), 


where we made use of [T 4t (0)] = 0. From this we see that (114011) is also valid for n > 2. In 
addition we see that [ T u ] is divisible by v. 

We now integrate (113851) n — 2 times to obtain N. If we integrate n — 2 times a P 2 we obtain 
a P n . In view of the definition (113291) we must calculate the /-fold iterated integral of 

(1412) 

Let 


v 2 ~ i I n , i :i = 0,1,2. 


(1413) 


fi : = v fo, 


for an integrable function fo (see (114301) below). We define 

(1414) g 0 (v) := f f 0 (v')dv', 

J 0 

(1415) gi(y) := f fi(v')dv'. 

Jo 

We integrate l times the function v k go(v) and denote the result by Gk,i■ We claim 


(1416) 


G k , = 


k\ k+l ^ (-l) m v l - m 

(.k + l)\ l d0 (m — !)!(/ — m)\ (k + m) dk+ 


We prove the claim in (I1416D by induction. We start with 1 = 1. Integrating by parts and 
making use of (114141) . (114151) . we obtain 


Gk ,l = [ v ,k g 0 {v')dv' 
Jo 


v k+1 go-J v 


rk +1 


dgo , , 


dv 


(v')dv' 


(1417) 


k + l 

(v k+ 1 g 0 - g k + 1) , 

which is (114161) in the case 1 = 1. Let then (114161) hold for l = 1,..., l. We have 
(1418) ' .. 1 


v' k+l go{v’)dv' = k+ 1 l+1 ( v k+l+1 go - g k +i+i) , 
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(1419) 


,,/l—r 


' J g k+m (v')dv' = 


l — m + 1 


(v + 9k+m 9k+l+ 1) • 


Using the above to integrate (I141GD we obtain 


Gk,i +1 — 


k\ 


(k + l + 1)! 


v k+l+ 1 g 0 + ^2 


(-i r 


V 




(1420) 


k\ 


E 


(m — 1)! (I + 1 — to) ! k + to- 
(-l) m 1 1 


'9k+r, 


(fc + Z + 1)! ' (to — 1)!(? + 1 — m)! fc + i 

v 7 m=l x 7 v 7 


■ 5fe+I+l ■ 


Since the first line agrees already with the right hand side with l + 1 in the role of l, except for 
the last term in the sum, the thing left to show is 

i 


k\ 


E 


(-ir 


(k + l + 1)! 7 -—' (to — 1)!(Z + 1 — to)! k + : 

v 7 m= 1 7 7 


(1421) 

We have 

-u I sr _ (~ 1 ) m _ — + _ — _ 

( ^ (to — 1)!(Z + 1 — to)! k + to (k + l + 1)! 


1 


= -E 


(-l)Ut x 

h fc + z + i‘ 

l \ (-l) m 


l\k\ 


—' i \m—ljk + m (fc + Z + 1)! 


(1422) 

where 

(1423) 


k\ 


(* + / + !)!' 


Pr.= n+J2 


m— 1 


TO — 1 


(-l) m (fc + 1) • • ■ (k + TO) ■ ■ ■ {k + l + 1), 


where the tilde denotes omission. Pi is a polynomial in k of degree l. The coefficient of k l is 

l 


EL-. ( - ir = (- 1 )' 


(1424) 

Since if n £ {1,..., Z} 

(1425) (—n +!)■■■ (—n + to) • • • (—n + l + 1) = 


0 to ^ n, 

(n — 1)!(— l) ra_1 (/ — n + 1)! m = n, 


we have 

(1426) 

Therefore, 

(1427) 


E 


i 

TO — 1 


(-l) m (-n + !)••■ (-n + to) • • • (—n + l + 1) = -l\. 


Pi(—n) = 0 : n = 1,..., l, 


i.e. the roots of Pi ( k ) are k = — 1 ,..., —l, which implies, together with the fact that the coefficient 
of k l in Pi(k) is given by (114241) . 

(1428) Pi(k) = (-l) l (k + l)---(k + l). 

Using this in (1 14221) yields (114211) . This completes the proof of (114161) . We remark that since 
(114161) was proved by induction on l, a positive integer, it also holds when k is a negative integer, 
as long as k +1 < 0 and for k < 0 the first factor in the first term of (114161) is interpreted as 


(1429) 


k\ 


(-1 )* 


(k + l)\ (fc + Z) ■ ■ • (AH-1) (—As — Z) - - - C—* — 1) 


= (-l) 


A -k-l- 1 )! 
(-fc-1)! • 


We now set 


d n y 
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such that (see (1141511 ) 
(1431) 


90 — ■ 


We also set k = 2 — i. Then Gk,i given by (1141611 is the /-fold iterated integral of v k go = v 2 l I n ,i 
(cf. (114121) 1 and 


v 


o 


9j(v) = 

(1432) = /, 

Therefore, the /-fold iterated integral of v 2 ~ l I ni i is 


- d n v 

v n+J — — (v')dv' 
dv nK 


L n,i-\-j • 

,,2 — 2 j 


(1433) 


(2-i)! 
( 2 -/ + /)! 


i 


,2—2+Z ] 


(-i y 


,,l—r 


E/ (to — 1)!(/ — to)! (2 — i + m.) 

m= 1 v 7 v 7 x 7 


2* 


Using this in J n , given by (113291) . we obtain, after a straightforward computation, that the /-fold 
iterated integral of J n is 


i+i (~l) m (rc-m)(n + l-m) 


(1434) 


E 

m =0 


to !(/ + 2 — to )! 


I n 


1—1 at/J„, n-l-1 


where we recall the notation I n ^ m = (1 /u m )/„ jm . From (113851) this gives d n 2 N/d 
Setting then j = l + 2 we obtain 

d n ~ j N 


(1435) 


dv n ~i 


= Pj — do K 


0 m— 0 

In particular, setting j = n yields (see (113861) 1 


/ dT tts \ i ^ (—l) m (n — m)(n + 1 — to) - 

I v 2_^ ~ 

J n_ n 


\ da 


(1436) 


N = P n< 2 - a 0 n 


fdT tt \ 


n— 1 


\ da 


u ”E 

/ 0_n 


m\(j — to)! 


(—l) m (n + 1 — to) 

m\(n — 1 — to)! 


Making use of (114331) . we obtain, after a straightforward computation, that the /-fold iterated 
integral of K n (see the definition (114021) 1 is 


i+i (—l) m (n — to) 


(1437) 


E 


V" ~ > ——— - -I.„ 

m —0 


^ to!(/ + 2 — to)! " ,m ' 

T=0 V 7 

Together with (114011) this gives d n ~ l ~ 2 [T“] /dv n ~ l ~ 2 . Setting then j = / + 2 we obtain 


(1438) 


d n ~ j 


dv' 




dTtt \ .j ( -1 ) m {n-m) 
m\(j — to)! 


In particular, setting j = n yields (see (114111) 1 


(1439) 


fdT tt \ 


0 m =0 


n—1 


[T u ] P n ,i + a 0 [ da j (2* «"E !(n ( _i_ m) . 


m—0 


Since [T M ] and iV are divisible by v, we define 


(1440) 


[T“] := 


[T* 


N := 


N 


v v 

Furthermore, we note that, in view of (113861) . (1141 ID and using (see (113261) 1 
(1441) \vIi,o\ < Cv, \I 2 +\ < Cv, 

we have 


(1442) 


N( 0) = 0, [T«](0) = 2d 0 (^E) 
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We then have (see (113061) 1 
(1443) 


b = - 


N 


[T* 


Let now / be a C k function of v such that /(0) = 0. We define 
(1444) 


V 


We have 
(1445) 

Since 

(1446) 

tmsp is 

(1447) 

where Ak is the operator 
(1448) 


d k f d k -' (l\ d\f 


dv k 


i—0 


dv r 


dv k ~ l 


(-D 


dv i 


m m\ 


v 


ra+1 ’ 


H 

dv k v 


k\ 


k +1 


A k f, 




i=0 


dv l 


which is homogeneous of degree zero relative to scaling. 
In view of 


(1449) 

we have 

(1450) 

where 

(1451) 


d m v k 

dv m 


k\ n ,k—r, 


_ J (k—m)\ 


m < k, 
m > k, 


AkV — dkt'm'U 




ak 


,™--= E 


i=0 


(-i) 


k—i 


We see that ak, m = 0 for m < k, unless m = 0. Therefore, 

(1452) AfcPfc.r = 0, 

i.e. the null space of A/~ is the space of polynomials of degree k with no constant term, a 
fc-dimensional space. In view of the above, applying d n ~ 2 j dv n ~ 2 to N, [T tt ], we obtain 


(1453) 

(1454) 


d n ~ 2 N (n — 2)! 
dv n ~ 2 ~ u"- 1 n ~ 2 ’ 

d n ~ 2 fzz, (n — 2)! 


— 2 \ Ttt \ = [T U ] ■ 


Setting k = n — 2 and j = n — i in (114481) we obtain 
(1455) 


” (—\\3 dA~ J N 

= Y17rz L r ” n ~ 1 -—- 


—' (n — j)l dv n -j 

1=2 V JJ 
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Since the null space of A n - 2 is the space of polynomials of degree n — 2 with no constant term, 
only the terms corresponding to the powers r' 1 ' 1 , v n in P„, 2 survive when we apply A n _ 2 to N. 
Therefore, substituting (114351) into (114551) . we obtain 


fdT u \ 


n ( n — j)- 

0 j —2 ^ J > m =0 


(1456) A n _ 2 N = Pn.n—i - a 0 K J 
We rewrite the double sum as 

(—l) m (n — m)(n + 1 — m) 


^ (—iy (—l) m (n — m)(n + 1 — m) T 

2_^ In - W 2^ ~ “ " 


m\(j — m)\ 


(1457) 

where 

(1458) 

Let us consider 
(1459) 


£< 

m =0 




(-ip 


j—max{2,m} 


(n-j)'ti -rn)\' 


V (-1V 


' (n — 7 ) 1(7 — m)! 

j=m v ^ ' 


For m > 2 we have a nim = a n , m , but for m = 0,1 we have 

1 


(1460) 

(1461) 


&n, 0 — &n,0 


&n,l — &n,l 


n(n — 2)!' 

1 

(u — 1)! ’ 


We set k = j — m in (114591) to obtain 


( 1 \m _ _ _ 

a = _ V 

U'n.m, — / x . / 


(1462) 


(n — to)! 

(-1 Y 


k =0 


(-1)* 


r(l-ir 


(n — to)! 

This vanishes except in the case n = m and we have a n , n = (—1)”. I.e. 

0 m ^ n, 


(1463) 

We conclude 

(1464) 


Qn.m — 


(-i) r 


^32)1 

= l (dry! m = 1 > 

(—1)" m = n, 

0 m/0,1, n. 


Substituting (114641) in (I1457D we conclude that the double sum in (114561) is 


(1465) 

Therefore, from (114531) . 

d n ~ 2 N 

< I466 > dFT = - 

For n = 2 we have from (I1436D . 


(n+ 1) 


In, 0 


In, 1 • 


(n — 2)! "” u (n-2)! ’ 

fdT tt \ 


(1467) 


AT = Pip — dgK 


(-^cTy ^ {( n + 1 )^ n .O - ^n.lj • 

dT tt \ ft t 1 

^ 1 3/2,0 — 2/2,1 1 ■ 


da J , 
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Using the inductive hypothesis p r n _i[ ) we have 

d n ~ 2 N 


(1468) 

Integrating this yields 
(1469) 


dv n ~ 2 


= Po- 


d m N 

dv m 


= P n -m -2 : 1 < rn < n - 3, 


N = P„_ 2 


where for the second we used (114361) . We note that the first of (114691) is only valid for n > 4. 
Setting k = n — 2 and j = n — i in (114481) we obtain 


” ('—I'd fin-j 

i=2 v •" 


(1470) 

Substituting (11438|) yields 
(147!) 

We rewrite the double sum as 

(—1 ) m (n — m ) 


f dT tt\ 


(—1 ) m (n — m) 


n —' (n — ?)! m\(j — to)! 

0 j —2 ^ m =o w ' 


(1472) 


£< 

m=0 


where the coefficients a n ^ m are defined by (114581) and given by (114641) . We find that the double 
sum in (1147111 is 


(1473) 

Therefore, from (114541) 
(1474) 


(n-2) 


- 21! (j n, ° A 1 ) ■ 


in -2 


[ T tt\ = Pl -a 0 


dv n ~ 2 

For n = 2 we have, in view of (I1411D 




(1475) 


[T«] = a,, +a„ {2 - *> (4° - 4.)} • 


Using the inductive hypothesis ( |y ra -i| ) we have 

d n ~ 2 - 


(1476) 

Integrating this yields 

d 


dv n ~' 2 


^[T tt ]=P 0 . 


(1477) 


dv r ‘ 


[T u ] = P n -m -2 : 1 < m < n - 3, [T u ] = P„_ 2 ,i + 2d 0 


fdT tt \ 


where for the second we used the second of (114391) . We note that the first of (114771) is only valid 
for 7i > 4. 

We now go back to (I1306D and calculate d n ~ 2 b/dv n ~ 2 using (114661) and (114741) . In the case 
n > 4 we have 


d n-2 h _ f n - 2\ d n ~ 2 ~ m 

^2 — — 


dv 


m =0 
n —3 


1 \ d m N 


=-£ 
m =1 

d n ~ 2 


m ) dv n 2 m 1 [T u ] J d"u m 

n - 2\ d n ~ 2 ~ m ( 1 \ d m N 


to ) dv n 2 m \ / du 


1 


G?7> 


n—2 


j r t ; 


IV — 


[T 


1 d"- 2 IV 

tti dv n ~ 2 


(1478) 
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Each of the terms in the sum involves products of terms of the form given by the first of (1146911 
and the first of (114771) , therefore they are all a P\. Making use of 


jn—2 


dv n ~ 2 


jn—2 


[ T t 


i 2 dv n ~ 2 


(1479) 


[T* 

= Pi- 


=o[T u ] + Pi 


. ■ ^ (^n,0 In,l \ j 

4 «0 (%“) o V ’ 


where for the second equality we used (I1474D and the second of (I1477D , together with the second 
of (I1469D , we see that the first term in the second line of (114781) is a Pi. For the second term in 
the second line of (114781) we use (114661) and the second of (114771) . In the case n = 3 the sum in 
(114781) is not present. With the second line in this equation we deal in the same way as in the 
case n > 4. In the case n = 2 we have 


(1480) 


b = — 


N 


[T* 


and we make use of (114671) . (114751) . We conclude 

rt n ~ 2 h 

(1481) 


dv n -2 = 2 ^ (in+ !)/„,o-n/„,i 


Pi 
Pi, i 


n > 3, 
n = 2 . 


Integrating this we obtain 


(1482) 


d m b 

dv n 


— Pn—m— 2 ■ ^ IT 3, 


b — Pn—2,1; 


where for the second we used (114421) . The first is valid in the case n > 3. 
We recall b = vb. We have 


jn—2i 


An-2i 


(1483) 

Since 

(1484) 

(1485) 

we obtain from (I1481D . 

r m-3u 

(1486) 


= v- 


dv n ~ 2 dv n ~ 2 


+ (n - 2) 


Jn—3 1 


dv n ~ 3 


Irill I, 


r - v 2 / 

J v I„ t o(v')dv' = YV 

J v'I nt i (v')dv' = v 2 (jn t i - /„, 2 ) 


dv n 3 2 


n+ 1 


In, 0 win,! 4 ” 


n — 1 


+ 


P 2 n> 4, 
P 2 i n = 3. 


Substituting in (114831) and using again (114811) yields d n 2 b/dv n 2 for n > 3. In the case n = 2 
we use directly (114811) . We conclude 


(1487) 


dv r 


2 b _ k 
^~ 2 Jn + 


P 2 n > 4, 

P 2; i n = 3, 

P- 2,2 n = 2 , 


(see (113291) for the definition of J„). Using the inductive hypothesis p r n _i| ) we have 

d n ~ 2 b 


(1488) 

Therefore, by integration. 
d m b 


dv r ' 


(1489) 


= Pi- 


db 


dv 71 


— Pn—m—l • 1 ^ ^ Tl 3 , — Pn— 2,1 1 

dv 


b = P„_ 1 


The first one is valid in the case n > 4. The second and the third are valid in the case n > 3. 
We note that in the case n > 2 we have 

(1490) b = 0(v 2 ). 
























































124 


D. CHRISTODOULOU AND A. LISIBACH 


We turn to a given by (112911) . We have 
(1491) 
where 
(1492) 

In view of (113921) we have 
(1493) 


a = — 


M 

[ T“J’ 


M := -f \T U ] . 
dv L J 


d n- 2 M d n ~ 2 


dv n ~ 2 

As in (113991) . (1 14001) we have 
(1494) 

As in (113971) we have 
(1495) 


dv 71 


F ^± + F „^±~fS-F — 

r Ol ! I 1 B 7 1 t J 1 w , 

dv dv dv dv 


dv n 


da + 
dv 


= F 


l) 


dv n 




= F 


2 


dv 


Using the first of (113931) together with (I1268D we obtain 
(1496) 

Therefore, 

(1497) = Po- 

Now, from (114081) we have 
(1498) 


d n ~ 2 f p dz\ = p 

dv n ~ 2 \ w dv ) 

d n ~ 2 M 
dv n ~ 2 


M( 0) = 2d 0 




9a 


Recalling the second of (1144211 . we define 


(1499) 

(1500) 

We then have 
(1501) 

which, recalling (I1296D . implies 

(1502) 

Setting now 

(1503) 
we have 

(1504) 


M' := M - M{ 0), 
[T**] / := [T«] - M(0). 


a = — - 


M' + M (0) 

([T**] 7 + Af (0)) ’ 

[T“] 7 - M' 
([T«]' + M(0)) 


[T«] := 


[T* 


M := 


M' 


[T u ] - M 


Integrating (114971) in view of (114991) we obtain 

d m M' 


dv n 


— Pn-m- 2, Af' — P n _ 2,1- 


(1505) 
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We now use (114531) with M, M' in the role of N, N respectively. Since the null space of A n ~ 2 
is the space of polynomials of degree n — 2 with no constant term, we obtain 


(1506) 

By (114761) we have 
(1507) 

Integrating this yields 
(1508) 


!pji= 0 ( a 

dv n ~ 2 


jn—2 


dv n ~ 2 


Zo [ T “] =^0- 


da 7 


-[T«] =P n -m- 2, [T«] =P„-2,1, 


the second in view of the fact that \T tt ] (0) = 0. Then, from (114531) with \T U ] , \T U ] in the role 
of N, N respectively, we obtain 


(1509) 


jn-1 ::: 

-[T“]=0(1). 


dv 


The estimates (115061) . (1 15091) imply, through integration, 

d m M d m 


(1510) 


dv m ’ dv m 

From (I1476D . (I1477D we have 

d 


[T u ] = P n -m- 3 : m < n - 3. 


(1511) 


dv r 


[T u ] = P n - m - 2 :m<n - 2. 


(I1510D . (115111) imply, through (II5041) . 
(1512) 

Integrating this yields 

rl m n 

(1513) 


dv n 


d n ~ 2 n 

- -- = 0 ( 1 ) 

dv n-2 ) 


= Pn- m - 3 :m<n — 3. 


In order to estimate d n 1 u/dv n 1 we have to estimate a n _ 2 , &n -2 (see (113041) 1. From the 
first of (113031) we have 

n —2 


(1514) 


Ora-2 — 


dv 


Using now (I1512D . (I1513D we obtain 

(1515) d n -2 = 0{ 1). 

We turn to 2 . We restrict ourselves first to the case n > 3. From the second of (113031) we 
have 


(1516) 


b n — 2 — 


d n ~ 2 b Uj) " 3 ' m / n _ 3 _ TO \ d n - 3 - m ~ l b d l d r , 


dv n ~ 2 


E E 


1 


m =0 l —0 

For the first term we use (114871) . The double sum we rewrite as 

n —3 j 

(1517) EE 

1=0 1=0 


dv n 3 m 1 dv 1 


n — 3 — j + l\d n 3 d l dj-i 


l 


dv n 3 J dv 1 


Now, in view of the first of (113031) . the factor d l dj-i/dv l involves d?a/dv :l . Therefore, each of 
the terms in the inner sum in (I1517D involves 

d n ~ 3 ~Pb d j a 


( 1518 ) 


d v n-3-j d v j 



















































126 


D. CHRISTODOULOU AND A. LISIBACH 


Here 0 < j < n — 3. In the case j = n — 3 we use the third of (1 148911 together with (1151811 . We 
obtain 

-d n ~ 3 - 


(1519) 




In the case j = n — 4 we use the second of (1148911 together with (1151811 . We note that this case 
only shows up for n > 4. We obtain 

db d n ~ 4 " 


(1520) 


dv dv n ~ 4 2,1 


In the case 0 < j < n — 5 we use the first of (1148911 together with (1151811 . We note that this case 
only shows up for n > 5. We obtain 

d n ~ 3 -^h din 

(1521) 3 — < Ll = p 2 . 

dv n 3 J dv J 

In the case n = 2 we use b n - 2 = &o and (114871) in the case n = 2. In view of the above we 
conclude 

(1522) b n _ 


K 

r 


P 2 

n > 4, 

P 2-1 

n = 3 

P*2,2 

n = 2 


We turn to d n l u/dv n 1 . Let us investigate first the case n = 2. To find an estimate for 
we integrate (112981) and obtain 

(1523) u= [ ett a ° (v " )dv "b 0 (v')dv'. 

Jo 

From (115151) and (115221) we have 
(1524) 

Therefore, 


do = 0(1), bo = -J 2 + P 2 ,2 = <D(v 2 ). 


(1525) 


J ~ a °W) dv " - l) b 0 (v')dv' 


< Cv 4 


and we obtain, through (115231) . 


(1526) 
Using now 
(1527) 

(1528) 

we obtain 
(1529) 


= ^ 3,3 + ^ J Ji{v')dv'. 


J V ,2 l 2 ,o{v')dv' = - (u 3 / 2 ,0 — h, 3 ) , 
J v'l 2 ,i{v')dv' = i (v 2 L 2 , 1 - 12 , 3 ), 


= -P3,3 + 2 {^^2,0 — V 2 h^l) ■ 


We note that u = 0(v 3 ). From this together with (115151) and (115221) . in view of (112981) . we 
obtain 


(1530) 


du K 

d^~ P 2’ 2+ 2 J 2- 


Substituting this together with (115291) into 

du 1 du u 


(1531) 
we find 
(1532) 


dv v dv 


du „ K / f t \ 
~dv = Pl ’ X P ~2 V V ^ 2 ’° ~ T 2,ij 
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Now we turn to the case n > 3. From u = 0(y 3 ) together with (1151511 and (115221) in (1 13041) 
we obtain 

d n ~ 1 u K 


(1533) 


dv n-i ~ 2 Jn + 


P 2 n > 4, 

P 2 ,i n = 3. 


The Wold iterated integral of J n is given by (114341) . From (115331) this gives d n 1 l u/dv n 1 1 . 
Setting then j = 1 + 1 we obtain 


d n iu k j+1 (—l) m (n — m)(n + 1 — to) 

dv n ~i ~ 2 V 

m =0 


(1534) 3 = )V +1 E 


m\(j + 1 — to)! 


-Pra+1,3 

3 = n, 


Pn, 2 

j = n- 

1 

-Pn- 1,1 

j = n- 

2 

-Pj +1 

3 <n- 

3 


The different behavior of the polynomial part is explained by the Taylor expansion of u beginning 
with a cubic term. Now we use (114531) with u. u in the role of N, N, respectively, and with 
n + 1 in the role of n (recall that vN = N ). I.e. we use 

d n ~ l u (n — 1 )! 


(1535) 

Setting 

(1536) 


dv n 1 v n 
Setting k = n — 1 and j = n — i in (1144811 we have 


-A n _iu. 


v4„_iu = y 


-IV '- 1 


(- 1 ) 


: d n ~n 


^ (n —?')! dv n ~i 
i=i v J ' 


Recalling that the null space of A n _\ consists of all polynomials of degree n— 1 with no constant 
term, we obtain, substituting (115341) . 

n j +1 

(1537) 


„+i y' ^ t-l) J+m 1 {n-m){n + l-m) * 


A n —1 U — P n +1 ,n + 0 V / / ■/ -\i/ • , i \i 

2 “tEo m\(n - + 1 - 


We rewrite the double sum in (115371) as 


(1538) 

where 

(1539) 


n+1 

E b v 

m —0 


bn,m •— 


(—l) m (n — m)(n + 1 — m) 


m\ 


E 


-IV '- 1 


(— 1 ) 


(n-j)Kj + 1 — to )! ' 


j=max{ 

Recalling d nyTn given by (114591) . we see that for to > 2 we have 

0 2 < to < n, 


(1540) 

On the other hand, 

(1541) 

and 

(1542) 


bn,m — 1 — 


(- 1 ) 


n— 1 


to = n + 1 . 


1 1 


b n , 1 — “On ,0 H-T — 


! n! 


^n ,0 — ^ ' 


(- 1 ) J + 1 


Then (1153811 is 
(1543) 

and we conclude from (115351) 

r] n 

(1544) 


+ !) ! (n+l)(n-l)!' 


n - n-1 f 

7 -* 77,0 / \ 77,1 


(n — 1 )! ”’ u (n- 1 )! 

= A ,0 + 2 ^ - (n - 04,1 j ■ 
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Now, from (1 15321) . (1154411 we conclude, in view of u = V — c+o, 
d^V 


(1545) 


V - K ( ? ( nr n = 2 ’ 

i ~ 2 V In ’° ( V>In ' 1 ) + \ Pi n > 3. 


dv n ~ 

jn—1 „ / j„,n—1 


7.3.2. Estimate for d n 1 p/dv n 1 . We recall the function p given by 


(1546) 

where 

(1547) 


1 c+o - c_ 


7(4 




'(1 + P(v)), 


7(4 = 


c+(v) ~V(v) 

V(v) — C-(v)' 


Using also u = V — c+o and defining 

(1548) j/ := -, 

v 

we obtain 
(1549) 


where v := c+ — c+o — u , 


rc u + c+o — c_ 

p= -1. 


c+o — c_o v 
We have (recall c+(ir) = c+(a+(n), /3+(4)) 


(1550) 

Recalling 
(1551) 
and (115321) we obtain 
(1552) 

Therefore, 

(1553) 

From (I1270D . (I1285D we have 
(1554) 

Together with (115441) we obtain 
(1555) = -2« 


d^ 9c+ . . da+ <9c+ . . d/3+ du 

* = s^ ( “ + ’ /J+> *r + w (a *' h) ~^ ~ *■ 


——(0)=a 0 , —(0) = 0, 

av dv 


dv .. 


dc + 

da 


ao = k 


/ (0) = k, p(0) = 0. 


^£± = P . 
dv 71-1 1 


(ri-4,0 - (n - 1)4,l) + | 


P+i + k n = 2, 
n > 3. 


We now use (114141) . (U415D and (I1416D to compute the Z-fold iterated integral of this. In the role 
of /o we have d n y/dv n and vd n y/dv n . We obtain 

i 


d n-i-i v K 


dv' 


i-i -i 4+i 2 U 


i+i 


(1556) 


(1 + 1 )! 

n — 1 


4 , 0 +^ yi 


(-ir 


i 


(to — 1)!(Z — to)! (to + 1) 

i 


*n,m+l 


4,i - (n- 1) ^ 


(-D r 


l\ " 1 v ' ^ (to — 1)!(Z — to)! to ra,m+1 I 


Setting then j = 1 + 1. we obtain, after a straightforward computation. 
(1557) ^ = 


d n ~ 3 v K „• (— l) m (n — m) 


dv n ~ 3 2 ' to! (7— to)! 

m=0 v ' 

where we also used the fact that £(0) = 0. 


R,i J = n, 

Pj j<n- 1, 
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We now apply (1153511 . (1153611 with v , v in the role of u, u respectively. Since the null space 
of A n _ i consists of all polynomials of degree n — 1 with no constant term, we obtain 


(1558) 

We rewrite the double sum as 
(1559) 
where 
(1560) 


4.-1* = Pn.n + £«" Y. E 


j =1 m —0 


m\(n — j)-(j ~ m)\ 


E 

ra=0 


(—l) m (n — to) , 


a n,m^n,rm 


■= V 

AJ n,m ' / v 

j—max{l,m} 


(-i v 


(n-j)'(j -m)V 


Comparing with the coefficients d n ^ m given by (1 145911 we see that for to > 1 we have a' nm = d n ^ m , 
but for m = 0 we have 

(1561) a n0 = a n fi — ^y. 

From (114631) we obtain 

(1562) 


m = 0 ’ 
«Ii,m = { (- 1 )” m = n, 


0 m/0,n. 

Therefore, (1 15591) reduces to —I n ,o/{n — 1)! and we conclude from (115581) . 


(1563) 


An— 1^ — Pn,n 


KV 


7 In. 


2(n — 1)! n ’°' 

Hence, from (115351) with v, i> in the role of u, u respectively, 

(T^v 


(1564) 


dv n ~ i- P ° 2 /n ’°- 


Using the inductive hypothesis ( |y^_i| ) in (115441) and (115641) we obtain 

(]n- 1,, 


(1565) 


= Pn 


— = o(D. 


dv n 1 u ’ 

From (112701) . (112851) we obtain, in view of c_ = c_(«+,/?+), 


(1566) 


dv n ~ 1 


= Pi. 


Integrating (115651) , (115661) , we obtain for m < n — 2 


(1567) 


— Pro—m —1 i 


— Pro—rro— 2 . 


dv m ™ ” dt)' 

By (1155311 . (I1564D . (1 156 71) we obtain (see (115491) 1 


d m c- 

dv m 


d n ~ 1 p 

du 71-1 


= Po¬ 


rt + c+o — c d 71 1 p 


(1568) 


C+o — c_o 
1 7 

— Po + 2^,0- 


dv n 1 


Setting /o = in (114131) so that g 0 = I n ,o (see (114141) 1. the Z-fold iterated integral of 7 n .o is 
given by (114161) with 0 in the role of k, i.e. it is 


(1569) 


J J 1 n ,0 


E 


(-i) r 


—^ ml(l — to)! ’ ‘ 
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From this we obtain d n 1 1 p/dv n 1 1 . Setting j = l + 1 and taking into account that p(0) = 0 
we find 


(1570) 


d n ~ip 

dv n ~i 


1 7 — 1 

= —V J 


j~ 1 

E; 

m =0 


(-i r 


il(j — 1 — m)\ 


Pn- 1,1 j = n, 

Pj- 1 j < n - 1. 


Let p := p/v. We now apply (115351) . (I1536D with p, p in the role of u , u respectively. Since 
the null space of A n -\ consists of all polynomials of degree n — 1 with no constant term, we 
obtain 


(1571) 


A n _ip = 0(i 


l ) + E 


n j -1 

"EE 

j =1 m —0 




m\{n — j)!(j — 1 — m)! 


In 


We rewrite the double sum as 


(1572) 

where 


E 

m =0 


(-i) r 




(1573) 


E („ 

j'=m+l v 


j)!(j-!-m)!' 


Comparing with the coefficients a„ m given by (114591) we see that c n m = —a n m +\- Then, from 

(gUD , 

[0 0<m<n —2, 

( 1574 ) c„, ro - | (_ 1 )„_ 1 TO = n _i_ 

Hence (115721) is J nirl _i/(n— 1)! and (115711) is 

(1575) d n _ lP = 0(/) + i^— 

z (n — lj! 

Then (|1535[) with /3, p in the role of u respectively, yields 

< 1576 > 

Now we find the 1-fold iterated integral of (I1576D . Since 
(1577) —I n n— 1 = n _i, 

V i; n 

we use (114161) with /o = which then implies go = I n ,n-i and k = —n, so gk+ m = In,m -1 

(see (114141) . (114151) 1. Since fc < 0 we use (114291) for the first term in (I141GI) . Therefore, the 1-fold 
iterated integral of (115761) is 


(1578) 

d n ~ l ~ l p 

dv n ~ l ~ l 


= Pi -1 + 




(n — 1 — 1)! 
(■n — 1 )! 


In,n—1 


l 

E 


(m 


(~l) m 

1)! (1 — m)!(n 



From the inductive hypothesis (see also (113261) 1 we get 

cTp = f 0(1) 
du m ( Pn—m —3 


(1579) 


m = n — 2, 

0 < m < n — 3. 
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7.3.3. Inductive Step for Derivatives oft, a, (3 Part One. In the following, using the assumptions 
), we prove 


( |fp,n— ID 7 • • • 7 (So.n— 1 
(1580) 

(1581) 


d n ~H 

du n ~ 1 


— Q 2 ) 

d i+3 

du l did 


d n ~H 


dv' 1 


— — Qi, 




= n — 2 . 


This will then establish (t Pjn ), (t m , n ). We recall the equation for t.(u,v) satisfied for (u,v) £ T e 


(1582) 

where 

(1583) 

(1584) 


1 


li = 


d 2 t 

dudv 

dc+ 


dt dt 


1 


c+ — c_ du 
1 <9c 


c+ — c_ 

1 


dc + da dc + d/3 


da du 
dc- da 


d/3 du 
dc- d/3 
d/3 dv 


c+ — c_ dv c+ — c_ \ da dv 

We first prove (115801) . (115811) for n = 2. For (115801) in the case n = 2 we make use of what 
has already been established in the existence proof (see the proposition in the end of the chapter 
dealing with the solution of the fixed boundary problem), i.e. we have 


(1585) 


dt _ q dt -n 

TT~ — V2,2, TT" — Vl,l- 

ou ov 


Using the inductive hypotheses ( jo^o,^— 1 [ ) , (A),n-i) with n — 2 together with (11585P in (|1582[) we 
obtain 

d^t 

( I586 > ^ 

which is (115811) in the case n = 2. 

We now consider the case n > 3. We have, for * + j = n — 2, 


d i+j 


(SV\ = 


d i+j 


^ ^ du l dv3 \dudv J du l dvi 

Let us first consider the case i, j > 1. We note that this case only shows up for n > 4. The case 


dt 


dt 


d^ + U du 


n = 3 will be contained in the proof of the cases i = 0 and j = 0. From (jn- mj „_ij), (/3 mjrl _i 
(jap ; „_ij), (l3 Pt n- 1 ) together with (115851) we obtain 


(1588) 

From ^tm^n- 1 1 we have 
(1589) 


d i+j /i dt 


— Q i,i) 


d i+j u dt 


— Q 1,1 - 


d i+j+1 t d i+j+1 t 


— Q i- 


du z dvt+ 1 ’ du^dvt 

All other derivatives of a, /3 and t appearing in (115871) are of the order less than n — 1 and are, 
by the inductive hypothesis, all Q\. Therefore, 

d l+ i ( d 2 t \ 


(1590) 


du l dv3 


\ dudv) 


= Qi-i+j = n-2,i,j>l. 


This is (115811) in the case i.j > 1. 

We now study (115871) in the case i = 0. We note that in the case n = 3 only this case (or the 
other case, namely j = 0) shows up and not the case i.j > 1. We define 


(1591) 
and re\ 
(1592) 


93 v, n — 1 — 


d n 


dv n ~ 2 

and rewrite (115871) in the case i = 0 as 

d ( d n ~H 


du V dv n ~ l 


dt 

-^ 

dv 

d n-l 


dt_ 

du 


t L 


d n ~ 1 t 
dv n ~ 1 




dv n ~ l 


— Pv.n,— 


v,n— 1 > 
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which implies 


(1593) 


d n- 

dv r 

where we recall 


(1594) 

We have 
(1595) 


-If ( gn—lf ru ■, 

— (u,v) = e~ L ^ |^zr(w,t;)+ J e L ^^R v , n - 1 (u',v)du'\, 

fU 

L(u,v) = / fj,(u r ,v)du'. 

J V 


d 


in—2 


dt 


dv n ~ 2 V ; ~dv 


gn If gn 2^ gf 

^ dv™- 1 dv n ~ 2 dv 


n —3 

E 

m= 1 


n - 2 \ d n ~ 2 - m n d m+ H 
m ) dv n - 2 ~ m dv m+1 ' 


The terms in the sum involve derivatives of t w.r.t. v of order at most n — 2 which, by the 
inductive hypotheses (|t p , n -i I, are all Q\. The terms in the sum also involve derivatives of [i 
w.r.t. v of order at most n — 3 which in turn, through (115831) . involve derivatives of a, /? of 
order at most n — 2. By the inductive hypothesis ( ja P|TO _ij ), ( ja TO[rt _ij ), ), (/3 m ,n-i h each 

of these terms is a Qi. Therefore, the sum is a Q\. The second term in (11595(1 involves mixed 
derivatives of a and f3 of order n— 1 and pure derivatives of order n — 2 which, by the inductive 
hypothesis ( ja p , n -ij ), ( ja m ,n-ij ), \Pp,n-i\ , are a Q\. Therefore, 


(1596) 

We also have 
(1597) 


d 


in—2 


dv n ~ 2 \ f "dv 


dt 


= M 


d n ~H 

dv ™- 1 


+ Q i- 


gn 


dt 


dv n ~ 2 \ du 


Q n 


dt 


dv n ~' 2 du 


n—2 

E 

m= 1 


n- 2\ d n ~ 2 ~ m v d m+1 t 
m 


g v n-2-m Q v mg u 


The first term on the right involves pure derivatives of a, /3 w.r.t. v of order at most n — 1. 
These derivatives are, by the inductive hypothesis (/3o, n -il, all Qq. Making use of the first of 
(115851) we see that the first term is a Q±. In view of the inductive hypothesis each of the terms 
in the sum is also a Q\. Therefore, 


d n 




< 1598 > ^ 

From (115911) . (115961) . (115981) we obtain 
(1599) R Vi n—i = Qi. 

We recall 


(1600) 


dt dt 

■ 7 ^( v ,v) = 'y{v) — (y,v), 


where 7 is given by (11547D . Differentiating n — 2 times we obtain 



n—2 


n—2 


(v,v) = 


1=0 


, - 2 \ 
l J dv 1 



n—2—l 


(v,v). 


(1603) 
we have 



k -1 


k -1 



akiy) + b k (v) = 



t > {v,v) 
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(1604) 

Also, (I1601D reads 


<ff,, 

= d^ (vy 


n —2 


b n -l ~ ^2 


1=0 


n — 2 \ d l 7 


l J dv l 

n —2 




(1605) 


= ja n -i + ^2 


i=i 


n — 2\ d l 7 


l J dv l 


Q"n—l—l • 


Using now the relation (1160411 with n— 1 in the role of k, substituting (1160511 and solving for 
fln- 1 yields 


(1606) 


1 — 


l d "- 1 / 


1 + 7 1 du’ 


d--E 


i=i 


n — 2 \ d ; 7 


l J dv l 


Q"n—l—l 


By the third case of (112691) the first term in the curly bracket is a Pi . From 
we have 


7 = 


(1607) 

From (115461) we have 
(1608) 

From (1156811 we have 
(1609) 

We therefore find (recall that p( 0) = 0) 
(1610) 

This implies 
(1611) 

From the above we deduce 
(1612) 


ak = Pi : k < n — 2 . 


c+o — c_o 1 + p 


d n ^ n 


d n -^ 

dv 71-1 

d m 7 


= Pn. 


dn” 


— Pn —rn.— 1 ■ 


Bn-l — Pi- 

From (1 16021) with n — 1 in the role of k we have 

d n ~H 


(1613) 


dv 


-If ™_f /rj — 9\ r) n ~ 1 t 

—( V , v ) = a n .i(v)-J2[ , ) dvn -i- ldu i M. 

1=1 y ' 


By ( jf m;K _i ) all the terms in the sum are a Pi. Therefore 
(1614) 


d n ~ 1 t 

— (v,v) = P 1 (v), 


dv 


which, together with (115991) , through (115931) , implies 
(1615) 


B n ~ 1 t 

— (u,v) = Qi. 


dv 

This is the second of (1 158t)l) . Using this in (115921) we obtain (115811) in the case i = 0. 
We now study (115871) in the case j = 0. We define 


(1616) 


Ann-1 •— 


d 


n—2 


du n ~ 2 


dt dt 


d n ~H 
du n ~ 1 
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and rewrite (115871) in the case j = 0 as 

3 ft d n ~ 1 t 

(1617) 1 

which implies 
(1618) 


d n ~H 


d n ~H 


du ? 

where we recall 
(1619) 


— {u,v) = e 


dv V 3u n ~ l 

d "" 1 


du ’ 


_X — Ru,n—1 , 


- P ~K{u, 


du 1 


±{u)~j Z K{U ' V ] Ru,n-1 (u,t/)ehftj, 


r 

K(u,v)= / {—v)(u,v')dv 
Jo 


and the initial condition t(u, 0) = h(u). We assume ft, to be a smooth function. Analogous to 
the treatment of i (see (115951) . ..., (115981) 1 we find 

(1620) Ru,n-l = Ql, 

which, through (116181) . implies 


(1621) 


d n ~H 


—r(u,v) = Q 2 . 


du n ~ 1 

This is the first of (115801) . Using this in (116171) we obtain (115811) in the case j = 0. We have 
thus shown (115801) . (115811) . i.e. we have established (t Pi „), (t m) „). 

Now we turn to show 

f^n—1 0 n ~ l^ 4 ' 


(1622) 

(1623) 

(1624) 

(1625) 


cfti™ -1 

= Q2, 

dv™- 1 


d l +i 

ft d 2 a \ 


3u l 3id 


du 71-1 

= Q2, 

gn-i/j 

eft)" -1 



ft 9 2 /3 \ 


du l did 

l dudvJ 


— Qh 

= Q i :i+j = n- 2, 
= Ql 7 

= Qi : i + j = n — 2. 


This will then establish (a P) „), (a m>n ), (/? p ,„) and (P m ,n)- 
Let us recall the system of equations for a, j3 


(1626) 

(1627) 

which implies 
(1628) 

(1629) 


da dt ~ 

dP dt 5 , „ , 


f dt 

)v 
dt 


a(u,v) = ai(u) + J <^—A(a,P,r)}(u,v)dv, 


P{u,v) = P+(v) + I {—B(a,P,r)\{u’,v)du'. 


Here is given by the initial conditions on C_ and we assume to be smooth. p + is given by 
the jump condition and we recall [0] = [a] 3 G(a+, a_, /?_). 

From (116281) we obtain 

in — 1 nV ( n 1 


(1630) 


3 n 


du r 


= lE 


. i=0 


- 1\ d i+1 t 3 n ~ l ~ l A 
3u l 3v 3u n ~ 1 ~' 1 


(u, v')dv'. 


Here we use the abbreviation A for A(a,0,r). We split the sum into 

n—2 


E 


n - 1\ d i+1 t dt d^A 3 n t ~ 

_I_I_ 

du l 3v du "- 1 -* <9-{; du ra_1 du n ~ 1 3v 


(1631) 
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From 

(1632) A(u, v) = A(a(u, v),(3(u, v),r(u, v)) 

and recalling the second of the Hodograph system 

(1633) 




(1634) 


3t 


we see that in the second term of (116311) there are involved the partial derivatives of a, /? and t 
w.r.t. u of order at most n — 1. Using now the assumption ( jQ'o,n-ij ) for the partial derivatives 
of a and /? together with (116211) we obtain 


(1635) 


d n ~ x A 


du n - 1 ^°' 

Together with the second of (115851) we find that the second term in (116311) is a Qi,i. From 
(115811) in the case j = 0, which was established above, we find that the third term in (I1631D is 
a Qi. Each of the terms in the sum in (116311) involves derivatives of A of order less than n — 1 
and mixed derivatives of t of order less than n. These terms are being taken care of by the 
assumptions ( |f PjTi ,_ip , ( |f m , ra -iP , ( ja^n-ij ), ( jam.n-ij ), \P P , n -i\ , Therefore, taking into 

account f () Qi(u,v')dv' = Q 2 , we find 


(1636) 


du' 1 




We note that in the case n = 2 the sum in (116311) is not present and instead of using (115811) we 
use (115861) to deal with the last term in (116311) . 

From (I1627D we obtain 


(1637) 

We split the sum into 
(1638) 


gn-lp _ ™ 2 

-1 — 2—, 


du 


n —3 

E 

2 — 0 


2—0 


n-2\ d i+1 t d n ~ 2 ~ l B 
i 


du i+1 du n ~ 2 “*' 


- 2\ d i+1 t d n ~ 2 - i B d n ~H 


du i+1 du n - 2 -* du n ~^ 


B. 


The first ones of ), ( ja- P;ra _ip , (/3 Pj „_ 1 ) in conjunction with (116341) imply 

d n ~ 2 ~ l B 


(1639) 


= Q 2 ■ 0 < i < n — 3. 


Q u n-2-i 

Using the first of (]f PiI j_ip we find that the sum in (116381) is a Q 2 - Now, a, /3 and r being 
continuously differentiable as established in the existence proof, we obtain from (116281) . (1 16291) 
together with (I1585D and (112851) that a = Q 2 , P = Q 2 , which implies 

(1640) A 1 B = Q 2 . 

From the second of this together with (116211) we obtain that also the second term in (116381) is a 
Q 2 - Therefore, 

gn-lp 


(1641) 


du n_1 


— Q 2- 


We note that in the case n = 2 the sum in (116381) is not present and for the second term we use 
the first of (115851) . 

From (116261) we obtain 


(1642) 


S ’ 1 - 1 a _ ^ 

~i ~ 2s 


dv 


i—0 


n- 2\ d i+1 t a n - 2 "M 
i 


dv i+1 dv n ~ 2 ~ i ' 
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We split the sum into 
(1643) 


n —3 

E 

i=0 


— 2\ d i+1 t a n - 2 "M d n ~H 
dv t+1 dv n ~ 2 ~ l <9i ; ra_1 


A. 


Each of the second ones of I, ( jQp,n—lj ) ; (f3p,n-i I in conjunction with (1163311 imply 


(1644) 


dv r< 


= Qi ’■ 0 < i < n — 3. 


Using the second of (|t Pjra _iP we find that the sum in (1164311 is a Q\. From the first of (I1640H 
together with (1161511 we obtain that also the second term in (1164311 is a Q\. Therefore, 

d n ~^a 

(! 645 ) d^ = Ql - 

We note that in the case n = 2 the sum in (1164311 is not present and for the second term we use 
the second of (115851) . 

For / = /(it, v ) we define 


(1646) 

We claim 
(1647) 


F(a,v) := f f(v,v')dv'. 
J a 


d k F 

dv k 


M= i + E 


k-l 


du k 


1=0 


d k ~ l f 
l + 11 du k ~ 1 ~ l dv l 


(v,v). 


We prove this claim by induction. It is satisfied for k = 1. Let it now hold for k. Then 


Q k +1 p rv gk+1 f gkf 

< “' , ' ) = /„ d^ [v - v ' )dv ' + -d (v ' v) 


k 


dv k+l 

(1648) + 

i=o v 

Rewriting the second sum as 
(1649) 


k-l 


gkf 


k-l 


du k ~ l dv l 


’• ,,)+ U(, 


1=0 


k \ d k f 
+ 1 / du k ~ 1 ~ l dv l + 1 


{v,v). 


E 

;=i 


k\ d k f 


l J du k ~ l dv l 


(v,v), 


the sum of the two sums is 
k-l 

(1650) 


1=0 


d k f , ^ d k f ^,d k f 


Making use of 
(1651) 

(116501) becomes 
(1652) 


k 

l + l 


k +1 
l + l 


k + l\ d k f 


M + 

1=0 v 7 


a 1 /, 


au^‘av‘ (v - v) - S^ (v ' v) - 


Using this in (1164811 we obtain 


(1653) 


gk+lp 

dv k+1 


( , [ v d k +'f 

M = J a ~Quk+r( v ’ v ^ dv 




1=0 


which is (1164711 with k + 1 in the role of k. This proves the claim. 

In view of (116291) we now set /(it, v ) = —B(v, it) and a = it in (116461) . where we recall 

dt ~ 


(1654) 
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From (1164711 we then obtain 

d n ~i 


dv 7 


r, d n 1 P+ 


(1655) 


;=o 



(u r , v)du' 




For the first term we use (112851) in the case m = n — 1. We split the sum in the integral into 

n ~ 2 / qi+lj 


(1656) 


E 


n — 1 \ d 
i 


H 8 


n—l—i 


B dt d n ~ Y B 


d n t 


dv l du dv n ~ 1 ~ l du dv n ~ l dv n ~ 1 du 


B. 


We see that in the second term there are involved the partial derivatives of a, B and r w.r.t. v 
of order at most n— 1 . From the assumptions {Bo,n-i 1 together with (116151) we obtain 


(1657) 


dv r ‘ 


— Q o- 


Together with the first of (115851) we find that the second term in (I1656D is a Q\. From (I1581D in 
the case i = 0, which was established above, we find that the third term in (116561) is a Q\. All 
terms in the sum in (116561) involve derivatives of B of order less than n — 1 and mixed derivatives 
of t of order less than n. These terms are being taken care of by the assumptions (lt Pjn _ 1 h , ..., 
\Bm,n-i\- Therefore, the second term in (116551) is a Q\. 


We split the sum in the second line of (116551) into 

n —3 


(1658) 


E 

l -0 


71—1 

l+l 


& 


in—2 


du l dv n ~ 2 ~ l V du 


dt 


-B 


a 


in—2 


du n ~ 2 V du 


dt 


-B 


The second term involves a derivative of t, with respect to u of order n — 1 which, by (116211) is 
a Q 2 ■ All other terms appearing in (1 16581) involve mixed derivatives of t of order at most n — 1 
which, by the assumption (t m ,n-i I, are a Q\. Furthermore, these terms involve derivatives of t, 
a, B and r of order at most n — 2 . By the assumptions (|f p .n-iP, • ■ ■, (Bo,n-i ) and the Hodograph 
system (I1633D . (I1634D . all of them are a Q±. Therefore, the third term in (116551) is a Q\. We 
conclude, 


(1659) 


B n ~ X B „ 

dv n ~ 1 1 


We note that in the case n = 2 the sum in (116561) is not present and instead of using (I1581D we 
use (115861) to deal with the last term in (I1656D . 

In view of the system (116261) . (116271) and the Hodograph system (II 6331) . (116341) . a mixed 
derivative of a or B of order n is given in terms of a mixed derivative of t of order at most n 


and derivatives of a, B and t of order at most n — 1 . By the assumptions (|tp in _i|), .. ., (Bo,n-i 
together with (115801) , (115811) , (116361) , (116411) , (116451) , (1 16591) we conclude that each of the mixed 
derivatives of a and B of order n is a Qi, i.e. 

d i+ i / d 2 a 


(1660) 

(1661) 


-U 


Q 1 


du l dvi \dudvJ 

d l+ i / d 2 B \ _ Q 

du l dvi \dudv) 1 


j = n- 2 , 
j = n- 2 . 


From (I1580D . (I1581D . (116221) . (I1623D . (116241) . (I1625D we conclude that (f p , n ), ( t m ,n ), (a P , n ), 
( OCm,n)i (Bp,n')i ( Bm,n ) hold. 

In the following we prove 


(1662) 


d n a d n B _ „ 

d^~ Qo ’ d^- Qo ' 
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Putting n in the role of n — 1 in the equations (116181) , (1 16801) and (116.371) we have 
(1663) ^(u,v) = e~ K{ - u ' v) {^(m) - / e K< ' u ’ v,) R U}n (u,v')dv' 


(1664) 

(1665) 


d n a . d n ai . 

*v ( “ ) + 


£ 

< i=0 


d i+1 t d n ~ l A 
i) du l dv du n ~ l 


(it, v')dv', 


d n /3 

du n 


f n—1 


{u,v) = I Y 


. »=0 


- l\ d i+1 t d 

du i+1 du n ~ 1 ~ i 


(u,v). 


From (116161) with n in the role of n — 1, together with (f Pjn ), (t m ,n), (a p ,n), (c*m,n)> (/3 P ,„), 
(/ 3 m,n), we have 


B n a d n B 
Ru,n = Qi + Q[g^ + Q';g-^, 


(1666) 
which implies 

d n t f v ( d n a d n B^ 

(1667) d^ M=Ql+ J 0 { Q[ d^ + Q "d£} iu ' V,)dv '- 

We split the sum in (116641) into 


(1668) 


E 

i=l 


d i+1 t dt d n A d n+1 t 


i) du l dv du n ~ l dv du n du n dv 


A. 


In view of (t Pi „), (t m ,n), (a P , n ), (a m ,n), (/3 p , n ), (/3m, n) and the Hodograph system, each of the 
terms in the sum is a Q\ and for the second term in (I1668D we have 


(1669) 


r) n A 8 n n f) n B 8 n t 

~dvA = Ql+Q ' l ~dvA + Q "d^ + Q '"d^' 


From (I1587D with i = n — 1, j = 0 we obtain, using again the results for the partial derivatives 
of a, /3 and t, 


(1670) 


fln+lf an ano 

=Ql+ + Qlg^ + 


Substituting now (116691) . (116701) in (116681) and the resulting expression in (116641) we obtain 

d n a, 


(1671) ^(».») = o. + 1 + 

4 (116671) . We obtain 

f v ( d n a d n B '1 

(u,v) = Q 1 + J o } [ Q' 1 — + Q'(^(u,v')dv'. 


For (116651) we make use of (116671) . We obtain 

d n B 

(1672) %-r- 

K ’ du n 

Defining 


(1673) 


F := 


d n a 


d n /3 


(Ft 

du n 

+ 

+ 

du n 


du n 



and taking the sum of the absolute values of (116671) . (116711) and (116721) we obtain 

(1674) F(u,v)<C + C' f F(u,v')dv ', 

Jo 

which implies 

(1675) F(u,v) < C, 

which in turn implies 


(1676) 


d n a 


d n /3 


d n t 

du n 


du n 

5 

du n 


< C. 
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Therefore, using this in (1 16671) . (116711) and (I1672D . we obtain 


(1677) 


d n a d n f3 d n t 
du n ’ du n ’ du n 


the first and the second of which are (1166211 . For the analogous expression for derivatives with 
respect to v see 17.8.81 beginning on page 11611 


7.3.4. Estimate for d n f/dv n . We recall the function A given by 


(1678) 

where we recall 
(1679) 


A( v ) = 




p{v) 


c +0 — C-o 




K(u,v)= f (—v)(u, v')dv'. 
Jo 


We set f(u, v) = —v(u, v) and a = 0 in (116461) which implies F( 0, v) = K(v, v). We obtain from 

cohid ' 


(1680) 


r~ l K . 

—r W v 

n— 1 v ’ 



an- 1 ,. r ,-2 

|- -r{v,v')dv' ~Y 

du n ~ lK ’ ^ 

o 


(n — 1\ d n ~ 2 v . . 
\l + l) du n ~ 0 — l dv l ^ V,V ^ 


The integrand involves partial derivatives of a, /3 of order at most ra, where the pure derivatives 
with respect to v of order n do not show up. By the above results for the partial derivatives 
of a, /3 these are all a Q o which implies that the first term is a Pi. The second term involves 
derivatives of a, (3 of order at most n — 1. Again by the results for the partial derivatives of a, 
/3 these are all a Pi. We conclude 

( 1681 ) ^ r ^(v,v)=Pi(v), 

which implies, by integration, 
d m K 

(1682) —— (v,v) = P n - m (v) : 1 < m < n - 1, K(v,v) = P n l (v), 

dv m 

where for the second we took into account AT( 0 , 0 ) = 0 . 

We apply d n ~ l /dv n ~ 1 to (116781) . Using (1157611 . (115791) and (116821) we obtain 

fin—l A | 

( 1683 ) ^Zi=d(l) + -/n,n- 1 . 

Since the expression for d n ~ 1 A/dv n ~ 1 is formally identical to the one for d n_ 1 /5/du ra_1 given by 
the right hand side of (115761) . the Z-fold iterated integral of (116831) is given by the right hand 
side of (115781) . i.e. 

(1684) 

d?- 1 - 1 A _ v 1 - 1 \ t jn-l-iy. f ^ (~1 ) m f 

d v n -i-i 11 2 I (n — 1)! 1 (m — 1)!(Z — m)!(n — m) 


Let us recall (here f(v) = t(v,v)) 


(1685) 

— = — M + N 
dv 2 k 2 ’ 


and 




(1686) 

M(y) = M 0 (v) + Mi(v) + M 2 (u), 

N(v) 

= N 0 {v) + Ni(v), 

as well as 




(1687) 

1 r 

Mo(v) := v - - / v' 2 dv' 

V 2 Jo 

2 

“ 3 V ’ 


(1688) 

Mr («) := 4 / (1 - e~ & A ^") dv ' 

v 2 Jo v 

^ v' 2 dv\ 
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M 2 (v) :=-^l [ V e- n WWv*dv' 
v Jo 

(1690) NAv) := vBi(v) — \r(l + vA{y)) [ e~ A ^ v ' >dv v' 2 BAv')dv', 

v 2 Jo 


(1689) 

and 


i = 0,1. 


We also recall 

B 0 (v) := 


2 K 2 


0 —K(v,v) 


p(v) 


KV 


(1691) +V^ H +P( V ) + 

v z \ 

(1692) B^v) := ~ e ~ K ^ v) (l + p{v) + 


C+0 — c_o 

KV 


^ - ^1 — e~ K ( v,v ^ | 
C+0 — C-0 


c+o — C -0 

KV 


h '(v) - 2^2 v2 + h ( v ) ) > 


. J (+ 
C+o — c_o ) 

Differentiating (1168511 n — 1 times we obtain 

d n f _ A d n ~ x M d n ~ 1 N 
dv n 2k' 2 dv n_1 dv n ~ 1 


(1693) 

Setting o = 0 and 
(1694) 


f(u,v) := (l - e ~-Tv Aiv " )dv "') 

in (11646II . and letting F(v) := F( 0,u), we have 

F(v) 1 


(1695) 

and 

(1696) 


Mi(v) = 


f(v,v)dv 


]k p flk p 


where the right hand side is given by (116471) . Since 
(1697) 


n«) = f ( 0 ) = o. 


the Taylor expansion of F begins with quadratic terms. Since 


(1698) 
we have 


1 


(—l) fc (fc + 1)! 


fc +2 


dv k 

d n ~ 1 M 1 d"" 1 ( F 
dv n 


(1699) 

where B k is the linear fcth order operator 


(«-!)! 


,,n+l 


B n -\F , 


(1700) 


D A (-l) fc - m (fc + l-m) „ d 
B k = V -;- v 

' mJ 


m—0 


dv r ‘ 


This operator is homogeneous w.r.t. scaling. Hence B k takes a polynomial to a polynomial of 
the same degree. Let G be a polynomial which begins with quadratic terms. Then M := G/v 2 
is analytic, hence so is v~ k ~ 2 B k G. This follows from (116991) with G in the role of F, M in the 
role of Mi and fc + 1 in the role of n. It follows that the polynomial B k G begins with terms of 
degree fc + 2. We conclude that the null space of Bk consists of all polynomials of degree fc + 1 
which begin with quadratic terms, i.e. 

(1701) B k Pk+ 1,2 = 0. 
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This is a fc-dimensional space. 
Since f(v, v ) = 0, we have 


(1702) 

which implies 
(1703) 




1=0 


+ M (».«) = »■ 


Z=0 


Substituting this into (1164711 and making use of (note that this is only valid for l < k — 2) 


(1704) 
we obtain 
(1705) 


k 

l + l 


k - 1 
l 


d k F 

dv k 


k—2 


(0,w) = 




Z=0 


fc- l\ 

i + lj’ 

fc-i\ a fc -v 


l + 1 ) du k ~ 1 ~ l dv l 


(v,v). 


To deal with the first term in (117051) we have to study d k f/du k . From (1168411 together with 
the inductive hypothesis <\Y n - i[ ) (see also the second of (113261) 1 we obtain 

Pi -2 2 < l < n — 1, 

(1706) 


A 


dv 


— = 0(1), i = l, 

O^" 1 ) l = 0 . 


Using this we deduce from (116941) 
(1707) 

which implies 
(1708) 


^.)-^c^p w + 


Pn—k—1 f i 


a*/, -w - 


A +) f 


'/ 2 e~ M A(v " )dv "dv' + P n - 


n— fe+2,3 • 


Setting now l = n — k in (116841) , equation (117081) becomes 

.,n—A;+2 f 


d k f . „ v 


du k( V ’ V ')dv' = Pn-k+ 2,3+ g 


l - J-J 7-777 J n,n-l 


(1709) 


(n — 1)! 

n—k 

E 


(-i)' 


(Z-l)!(n-fc-0!(n-0 

We now look at the second term in (|1705p . From (|1694p we deduce, using (|1706p . 


In,l— 1 


(1710) 

0 *" 1 /, , 2 d*" 2 A, x , „ 

(1711) 

afc-i f ,vfc-3 4 

™(b«) = 2n—-^(u) +P n _ fc+2!l 
z ov av K ^ 

(1712) 

gk-l f Jk-iA 

dU k-sL^- 2 dv k -^ +p ^ 

(1713) 

gk-l f 

du k-l-l dv l ( v > w ) = P "-*+3 ■ 3 < l < k 2. 

Therefore, 



k—2 

E 

1=0 


fc-i\ <9 fc ~7 „ 2 d fe - 2 A . d k ~ 3 A 

' J =(fc-l)u 2 -—- + (/c-l)(fc-2)u- 


l + 1 7 <9?x fc 1 ~ l dv l 


dv k ~ 2 


dv k ~ 3 
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(1714) 


(k — l)(k — 2)(k — 3) d k ~ 4 A 


4- Pn- 


n-k-\- 2 • 


3 dv k ~ A 

Substituting now (1168411 with n — m + 1, n — m + 2, n — m + 3 in the role of l into the first, 
second and third term on the right hand side, respectively, and using the resulting expression 
together with (117091) in (117051) , we obtain, after a straightforward computation, 


(1715) 


d k F 

dv k 


— Pn— fc+2 


v n+2-k n+3k ^ + x ^ + 2 - Z) 

(l — l)!(n + 3 — k — l)\ 


6 


Using this now in (116991) (see (117001) with n— 1 in the role of k for the operator i), we obtain 
(1716) 


d n ~ 1 M 1 n v. » 1 "+3 "> (_i)n+i-i+m( n _ m )( n + i _ ;)( n + 2 _ ;) 

— =p i-«(«-!)! 2^ E - »v. _ 7M - 


du 71 


m—0 /=1 

We rewrite the double sum in (117161) as 
n+3 


i!(Z — l)!(n + 3 — m — l)\ 


(1717) 

where 

(1718) 

We consider 
(1719) 


(-l)"+i-'(„ + l-Z)(n + 2 — l) f 

/ u Cn,l u -*n,/ —1? 


/=1 


(i-l)! 


min{n— l,n+3—/} 


C-n.l — 


E 

rn=0 


n+3—/ 


•M : = E 


(—l) m (n — to) 
m!(n + 3 — l — to)! 


(—1 ) m (n — to) 


m—0 


i\(n + 3 — l — to)! ’ 


For l > 3 we have c n i = c n i. For l = 2 we have 


(1720) 

while for l = 1 we have 
(1721) 


Cn,2 — C n ,2 4“ 


(- 1) 7 


Cn,l — Cn,l 4“ 


n +1 )! ’ 
(- 1 )" 2 (- 1 )" 


(n 4-1)! (n 4-2)!' 


To compute c„,/ we express it as 


(1722) 

where 


Cn.l — H&n.l b n l, 


n+3—/ 


+ = E 


(-i) r 


m —0 


i\(n 4-3 — l — to)! 


(n + 3 ~ l)\ 
1 


n+3—/ 

E 

m =0 

(i-i) 


n + 3 — l 


n+3—/ 


(-i) r 


(1723) 

and 


n+3—/ 

bn,l = E 
m =0 


(n + 3 — 1)1 

0 l < n+3, 
1 l = n 4-3 


to(— l) r 


m\(n 4-3 — l — to)! 
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(n + 3 — l)\ dx 


r n+3 —l 

E 

< m =0 


n + 3 — / 
m 


(-x) r 


X = 1 


1 




\n+3 —l "1 


x=l 


(1724) 

Hence 

(1725) 


(n + 3 — iy. dx 

0 l 7 ^ n + 2 , 
— 1 l = n + 2 . 


0 1 < l < n+ 1 , 

Cn.z = ^ 1 l — n + 2 , 


n l = n + 3. 
We obtain from (I1720D . (I1721D and (I1725D 

l+i) 


(1726) 


Cn,l < 


0 

1 

n 


i+2)! 
(- + 

(n+1)! 


1 = 1, 

1 = 2 , 

3 < l < n + 1, 
l = n + 2 , 
l = n + 3. 


Substituting in (117171) and the resulting expression in (1 17 161) we obtain 


(1727) 


d n ~ 1 M 1 

dv n ~ 1 


6 n + 2 


In, 0 


n — 1 
n + 1 


In, 1 


:In,n+ 2 f + 


Pip n = 2 , 
Pl n > 3. 


(n + l)(n + 2 ) 

To see that the polynomial part in (117271) has no term of order zero in the case n = 2 we 
consider 


(1728) 


dMi 

dv 




v' 2 dv' — 


A(v) 


e ~ /«' A(y")dv" v a dv ,_ 


Since (116841) in the case n = 2, l = 1 (this is (116831) in the case n = 2 integrated once) is 
(1729) A = P 0 - E 2 p + i/ 2j0 , 

we have from the inductive hypothesis ( |y„_i[ ) 

(1730) A = 0(1). 

Using this in (117281) we obtain 


(1731) 


dMi 

dv 


= 0(v). 


We turn to d n 1 Af 2 /dv rl 1 . Recalling (116881) . (116891) we can write 


M 2 = — -v 2 A + vM\A. 

O 


(1732) 

Applying d n_ 1 /dv n_1 to the first term we obtain 
(1733) 


dv n ~ l 


v 2 A ) = - 


1 2 d n ~ x A 2, d n ~ 2 A l, 

w T - q (" - 1 )«7S=2 ^ o (" - !)(" - 2 ) 


dv" 


d n ~ 3 A 

dv n ~ 3 


For the first term we use (116831) while for the second and third we use (116841) with 1 = 1, 1 = 2 
respectively. We arrive at 

d n ~ 1 


(1734) 


dv" 


(^ 2 A) = ^ j-n/„,o + (n - l)/ n .i| + | 


Pip n = 2, 
Pi n > 3. 


Applying d n 1 /dv n 1 to the second term in (117321) we obtain 
(1735) 


An— 1 fjn —2 d n ~ ^ 

— (vM\A) = (n - 1)^2 (MiA) + v^^ARA). 


dv 


dv" 
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From (I1727D together with the inductive hypothesis (|Y rt „i[) we have 


(1736) 


= I O(v) n = 2 , 
dv n ~ 1 \ Pq n> 3, 


which, through integration and taking into account that the Taylor expansion of M\ starts with 
quadratic terms, implies 


(1737) 


d m M 1 

dv m 


Pn- 1,2 

TO = 0, 

Pn-2,1 

TO = 1, 

Pn—m— 1 

2 < m < n — 


Using (117061) and (1 173 71) in (117351) yields 

d "- 1 


(1738) 


dv n ~ 1 


(vMiA) = 


Pi ,2 n = 2 , 
Pip n = 3, 
Pi n > 4, 


which, together with (117341) , implies 

jn—1 nj ( >. f 

(1739) d v n -i = g {-nln ,o + (n - l)/„,i} + | 


Pip 

Pi 


n = 2 , 
n > 3. 


Noting that only in the case n = 2 we have the contribution dMp/dv = 2/3 (see (116871) ), we 
obtain from (117271) . (1 17391) 


(1740) 

d n ~ 1 M _ v f n{n + l) f , n(n- 1) f _ 2 f I f | + Pip n = 2, 

dv 71 - 1 6( n + 2 n ’° n +1 n,:L (n + l)(n + 2) n ’" +2 J \ Pi n > 3. 

We turn to d n ~ 1 N/dv n ~ 1 . We look at (I1690D and write 

(1741) Ni = N'+ H a + H i2 , i = 0,1, 

where 

(1742) N[{v) := vB^v) - \ f v' 2 B^dv ’, < = 0,1, 

^ Jo 

(1743) flii(«) -=^ J q v' 2 B,W) (l - e~S:> ^ * = 0,1, 

(1744) HMv) := j v' 2 B^v'y- A{v " )dv "dv', * = 0,1. 

v Jo 

We first establish estimates for the derivatives of Bq ■ In view of (116911) this involves estimates 
for the derivatives of K(v,v) and p(v). The derivatives of I\(v,v) are given by (I1682D . We 
recall that the second bracket in the second line of (116911) is a smooth function whose Taylor 
expansion begins with cubic terms. This implies 


(1745) 


d J Bq A dip 
dvi 2 k 2 dvi 


Pn- 1,1 j = 0 , 

Pn-j -1 !</<«-!■ 


From (116091) . through integration, we obtain 
(1746) 


d J p I P™- 2 ’ 1 3 ~ 0) 

377 = <! Pn-j- 2 l<j<n-2, 


dv ‘ [ O(l) j = n — 1. 
where we made use of p( 0) = 0 (see the second of (115531) '). Therefore, 


dPB 0 

dl’i 


Pn- 2,1 j = 0 , 

Pn-j -2 1 < j < n ~ 2, 
0 ( 1 ) j = n- 1 . 


(1747) 
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Using this together with (1170611 and making use of arguments analogous to the ones we used 
for derivatives of / = f/v (see (114441) 1 and Mi = F/v 2 (see (116991) 1 to take care of the terms 
involving prefactors of 1/v and 1 /vr respectively, we arrive at 

(T^Hq. 


(1748) 


iQi 


Pip n = 2, 
Pi n > 3, 


i = 1,2. 


dv n 1 

We now turn to the principal term in (117411) in the case * = 0, which is Nq. We define 
(1749) 
and rewrite 
(1750) 


Go{v) := v 3 Bq(v) — / v' 2 Bo(v')dv' 

Jo 


N>-°1 
-/Vq — o ' 
V Z 


Since the Taylor expansion of Go begins with quartic terms, we can apply (|1699|) with N q, Go 
in the roles of Mi, F, respectively, i.e. 

07511 d n ~ lN Q >-!)! 

G 751 ) dv 71 - 1 ~ v n+1 

where Bk is the operator (117001) . We claim 

d m G 0 _ 3 d m Bo , /0 ^ „ w _ d m ~ 2 B Q 


dv r] 


= v 


+ (3 m — l)v 2 — --—I- (3m — 2)(m — l)v- 

rfoim— 1 


(1752) 


dv m dv 

+ (m — 1 ) 2 (to — 2 ) 


dv m ~ 2 


2 ^d m ~ 3 B 0 


dv m ~ 3 

For the proof of the claim in (117521) we suppress the index 0. For m = 1, 2, 3 it is true as can 
be seen by direct computation. For m = 3 we have 


(1753) 

For to > 3 we write 


d 3 G ,d 3 B n 2 d 2 B dB . 

, o — v j o + 8c 9 —h 14c——|- 4P. 

ac 3 air dv z dv 


(1754) 


d m G 3 d m B 


,d m ~ 1 B 


d m ~ 2 B d m ~ 3 B 


dv m V dv m C2 ’ m dv m ~ l Cl ’ mV d v m -2 4” C °i m dyim-3 

From (117531) we have 

(1755) c 2 ,3 = 8, ci, 3 = 14, c 0 ,3 = 4. 


Differentiating (117541) 


d m+1 G ,d m+1 P 


dv m+1 dv m+1 


+ ( c 2,m + 3)l 


,d m B 

dv m 


(1756) 


. „ , d^B . d m ~ 2 B 

+ (Cl, m + 2c 2 ,m)v——- + (C0,m + C b™) J„m-2 ’ 


d v m-l ■ dv 

gives us the following recursion formulas 
(1757) c 2 ,m+i = c 2 , m -j- 3, 

(1758) = Ci, m H- 2c 2 , m , 

(1759) Co,m+l Co,m 4“ Cl,m- 

From the first of (117551) and (117571) . 

(1760) c 2 , m = 3 to — 1. 


Substituting in (117581) gives 

(1761) ci, m+ i = ci, m + 6 to - 2. 














































146 


D. CHRISTODOULOU AND A. LISIBACH 


Therefore, since c+i = 0, 
(1762) 


m— 1 


Ci,m = ^( 6 j - 2) = (3m - 2)(to - 1). 

4=1 

Substituting in (1175911 gives 

(1763) c 0 , m+ i = c 0 ,m + (3m - 2)(m - 1). 

Therefore, since co ,2 = 0, 

m—1 

(1764) c 0 , m = ^ (3j - 2 )(j - 1) = (to - 1) 2 (to - 2). 

4=2 

In view of (II 7601) . (I1762D and (I1764D the claim (117521) is proven. 

We substitute (117451) with to, to—1, to—2, to— 3 in the role of j into (I1752D . For the expressions 
involving derivatives of p we use (1 15701) . We obtain, after a straightforward computation, 


(1765) 


d m G 0 n \v n - m+2n+ ^ m (-l) l (n + l-l)(n + 2-l) 2 f 

— Pn-m+2 772 77 7TT7 - 777 77 In,l-1- 


dv n 


4 K 2 


i=i 


(.I — l)!(n + 3 — to — Z)! 


Now we go back to (117511) . We must calculate P n _iGo. From (If 7001) . 

n—1 

(1766) 


„ ^ V- (-l)"-”*- 1 (n-TO).. ro d TO Go 

-Dn-lCxo — > -j-H 

/ m! 


m=0 


dv r> 


Since the null space of P„_i consists of all polynomials of degree n which begin with quadratic 
terms, -B„_i applied to the polynomial part of Go gives a Pn+ 2 ,n+i- Then 

(1767) 


Xv n+2 ^-4 (_f)n m i+i( n _ m )(n + 1 — l)(n + 2 — l) 2 


Bn— lGo — Pn+2,n+l 
The double sum is 
(1768) 


4k 2 


E E 

m =0 1=1 


(l — l)!m!(n + 3 — m — l)\ 


In,l— 1 • 


V? (—l) n+1 ~ l (n + 1 — l)(n + 2 — l) 2 

/ J Cji.J (j -| ^ | In,l —lj 


1=1 


(i-iy. 


where the coefficients c n j are given by (117181) . Using (I1726D we obtain, after a straightforward 
computation, 

(1769) 


A v n + 2 


n(n + 1 ) ~ n(n — 1 ) ~ 

0 | 7 i T 

n + 1 


In,n+2 


B n —lGo — fn+2,n+l 4” , t / in 1 , n ^ri,u . , ' / . 0 \ / . 1 \ J 

4k 2 (?r — 1)! [ n + 2 n + 1 (n + 2 )(n+l) 

Substituting in (117511) and using the resulting expression together with (117481) in the (n — l)’th 
order derivative of (I1741D with i = 0, we arrive at 

(1770) 


dv ™ -1 4 k 2 


n(n + 1 ) i n(n — 1 ) ~ 

In, 0 7 In, 1 + 


ln,n+2 


P+i n = 2 , 
Pi n > 3. 


n + 2 n + 1 ' (n + 2 )(n+l) 

To see that the polynomial part in (117701) has no term of order zero in the case n = 2 we take 


the derivative of (116901) 
(1771) 


dNi dBi ^ 

= v— - vABi + 


2 A IdA A 


dv dv 

From (I1706D . (1 17471) we have, in the case n = 2, 


[ v' 2 B i (v')e-K' A{v " )dv "dv'. 

Jo 


(1772) 


dA 


dBn 


A = 0(1), — =0(v~ 1 ), B 0 = O(v ), = 0(1). 


dv 


dv 
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Using these in (117711) with i = 0 we obtain 

dN 0 


(1773) 


dv 


= 0(v). 


We turn to derive an estimate for d n 1 Ni/dv n 1 . In view of (116921) we need an estimate for 
d n ~ 1 I/dv n ~ 1 1 where we recall 

(1774) I(y) = J {e K ( v,v ) — 1 + e K ( v,v V(u, u')j ^-(v,v')dv', 

where 
(1775) 

Dehning 
(1776) 
we have 
(1777) 


K(u,v) = / (— v)(u, v')dv', t(u, v) = -— ~n(u,v) — 1. 


f(u, v) := {e K( ' u ’ v) - 1 + e K{u ' v) r(u, u)| ^-(u, v) 


I ( v )= / f(v,v')dv'. 

Jo 

Making now use of (116461) , (116471) , we obtain 

jn-ir pv an-1 f "Z? / _ i \ an-2 f 

(1778) — -r(u) = / -w--j-(u, v')dv' + ( ) —- , , (y,v). 

dv 71-1 J g clu ™ -1 \Z + 1 / du n ~ 2 ~ l dv 1 y 

We see that we need estimates for mixed derivatives of / of order at most n — 2, for derivatives 
of / with respect to u of order at most n — 1 and for derivatives of / with respect to v of order 
at most n — 2. Therefore we need expressions for derivatives of a and (3 with respect to u of 
order at most n, expressions for mixed derivatives of a and /3 of order at most n and expressions 
for derivatives of a and fj with respect to v of order at most n — 1. We also need expressions 
for mixed derivatives of t of order at most n and expressions for derivatives of t with respect to 
v of order at most n — 1. We define 

(1779) H(u, v) := e K ^ u ’ v) - 1 + e K(u ' v \{u , v). 

For the first term in (117781) we have 


d n-lf _ 

du n ~ 1 du n ~ l 


d n - 1 ( dt 
H dv 


(1780) 


n —1 

= E 

2=0 
n —2 

= E 

2—0 


n - 1\ d l H d n ~H 
i 


du 1 du n ~ 1 ~ l dv 


d n ~ x H dt 


du 1 du n ~ 1 ~ l dv 9u" _1 dv 


n- 1\ d l H d n ~H 
i 


By the results for the partial derivatives of a , ft and t established above we see that each of the 
terms in the sum is a Q\. By the same results we see that 

d n ~ Y H 


(1781) 


— Qo- 


du " -1 

Together with the second of (115851) we see that the second term in the second line in (117801) is 
a Q ip. Therefore, 


(1782) 


rv on—1 -c 

—j(v,v')dv ' = P2,l{v). 


du r ‘ 


For the second term in (117781) we write 


E 

1=0 


n — 1 


l + 1 / du n ~ 2 ~ l dv l 


gn- 2 f " 7„_ 1 

=E 


1=0 


d 


in—2 


l + 1 J du n ~ 2 ~ l dv l 


H 


dt 

dv 
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n—2 l 


(1783) 


= ££ 

1=0 i =0 

n—2 l n—2—l 

= ££ £ 

1=0 i —0 j=0 


n — 1 \ fl\ d 


^n—2—l 


giR gl+ l-i t 


l + 1) \i) du n ~ 2 ~ l V dv l dv l+1 ~ l 


n — 1 \ fl 

1 + 1 


n-2-l\ d l+ ^H 

j 


gn- 1 -i-j t 


duWv 1 du n ~ 2 ~ l ~t dv l+l ~ l 


We first look at the case i = j = 0. From (112701) . (1128511 we have a+,/3+ = P 2 . Therefore, 
c± = Pi- Using this together with the first ones of ( ja' p , n -ij ), (/3 Pl n-i I hr (115831) we obtain 

(1784) v(v,v) = P 2 (v), 

which, together with 


(1785) 


( 

\ da 


da 

du 


= 


d/3_ 

du 


= 0 , 


implies 

(1786) 

Therefore, together with (I1681D . 
(1787) 

From (t Pi „), (t m ,n) we have 
(1788) 


t(v,v) = P 2 ,i{v)- 
H{v,v) = P 2 ,i(u). 




= Qi : 0 < l < n- 2. 


du n ~ 2 ~ l dv l+1 

From (11787D . (117881) we deduce that each of the terms in (117831) with * = j = 0 is a ^ 2 , 1 - 
Now we look at the case i + j = n — 2. The only term in (117831) satisfying this condition is 

117891 dn ~ 2H dt 

( ’ duWPdv' 

The first factor involves derivatives of a and f3 of order at most n — 1. Therefore, by (a Pjn ), 
(f3 P ,n), (/3 m ,n) the first factor in (117891) is a Q\. By (112691) and the first of (115851) we 
have for n > 3 


(1790) 

Therefore, for n > 3, 
(1791) 


dt . df dt 
— (u,u) = — (v - —( v,v) = P 2 ,1- 
ov av ou 


/ d n ~ 2 H dt 
I duWv 1 dv 


(v,v) = P 2 ,i{v). 


In the case n = 2 (I1789D is H(dt/dv). Using the second of (115851) and (117871) we obtain that 
(117911) is also valid in the case n = 2. We note that for n = 2 this is the only non-vanishing 
term in (117831) . For n = 3 the two cases i = j = 0 and i + j = n — 2 = 1 cover all the terms 
appearing in (117831) . 

Let now n > 4. For the terms in (117831) with l<i+j<n — 3 we need estimates for 
(1792) 

We set 

(1793) g(v) := 


1 < k < n — 3, 
du k -'dv l+l ' \ 0 < l < k. 


d k +i t 


du k ~ l dv l+1 


(v,v). 


Then 


(1794) 


<Pg_ 

dv p 


(v) = 


d_ d \ p d k+1 t 
du + dv) du k ~ l dv l+1 


= £ 

9=0 


d p+k+1 t 
qj OuP —1 


(v,v) 
( v,v ). 
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Setting p = n — k — 2 and j = q + l implies, through (1178811 . 

cjn—k—2 , 


(1795) 

This yields, through integration, 
(1796) 


9 


= /v 


flyn-k-2 

9 — Pn—k— 1 5 


i.e., 


(1797) 

Hence, 

(1798) 


d k+1 t 


du k ~ l dv l+l 
d k+1 t 


(v,v) = P n -k-l(v). 


du k ~ l dv l+1 
We also need estimates for 

d k H 


(v,v) = P 2 (v) : 


1 < k < n — 3, 
0 < l < k. 


(1799) du k ~ l dv l ' 1 0 <l<k. 

These in turn require estimates for 


1 < k < n — 3, 


(1800) 
We set 
(1801) 
Then 

(1802) 


gk +1 


du k + 1 ~ l dv l ' 1 0 <l<k. 


1 < k < n — 3, 


h(v) := 


d k+1 a 
du k+1 ~ l dv l 


(v,v). 


dPh 

dv p 


(v) = 




d d 


du dvJ du k+1 ~ l dv l 


(v,v) 


= E 

9=0 


d p+k+1 a 


ql dvP~Q+k—l+iQyq+l 


[v,v). 


Setting p = n — k — 2 and j = q + l and using (a Pjn ), (a m ,n) implies 

d n ~ k ~ 2 h 


(1803) 

This yields, through integration, 
(1804) 


d v n-k-2 1 

h = Pn—k—1, 


i.e., 


(1805) 

Hence, 

(1806) 


d k+1 a 

du k+l ~ l dv l 


(v,v) = P n -k-l(v). 


d k+1 a nn f 1<* 

iik+ 1 _ ldvl (v,v) = P 2 (v):{ Q ^ l 


1 < k < n — 3, 
< k. 


(1807) 


du k+1 ~ 

The same procedure applies to derivatives of /3 using (/3 p , n ), (/3 m , n )- Therefore, 

d k H t ^_ v> t \ f 1 < k < n — 3, 

du k - l dv‘(’) \ 0 <l<k. 

From (I1798D together with (I1807D we obtain that each of the terms in (I1783D with 1 < i + j < 
n — 3 is a P 2 ■ We conclude 

pn-2 t 

(1808) 


E("+i) s^w (v - vi=p ^ 

1=0 x 7 
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d n ~ l I 


dv 71 


= Pi. 


which, together with (117821) implies 

(1809) 

Making use of 

dt 3 2 t 

(1810) I<( 0 , 0 ) = r( 0 , 0 ) = —( 0 , 0 ) = ^( 0 , 0 ) = 0 , 

we obtain 
(1811) 

Therefore, by integrating (118091) . we deduce 


7 <°> = £<°> = s?<°> = »■ 


(1812) 


Pn+ 1,3 j — 0, 

#1 = J Pn, 2 j = 1, 

dvi 1 P n - 1,1 j = 2, 

Pn+i-j 3 < j < n — 1 . 


Now we apply (116991) with I in the role of F (see (116951) for the relation between Mi and F). 


(1813) 


Jjn-l / j 
V 2 


(n- 1)! 


do ™ -1 

where the operator Bk is given in (I1700D . We find 

d 11 - 1 ( I 
dv n ~ 1 \v 

which, through integration, implies 


n+1 


-B„_i /, 


(1814) 


-1 =Po 


(1815) 


dP 


Pn- 1,1 j = 0 , 

Pn-l-j 1 < j < n - 1 . 


did \ v 2 

Now we apply d n_1 /dv n ~ 1 to B\. We rewrite 
(1816) B 1= E^, 

where 

(1817) S(«) := -e~ K ^ (l + p{v) + 

Using (117461) and (116821) we obtain 


c+o — C-0 


(1818) 

Now, 

(1819) 


<PE 

dvi 


— P'n—j—2 • 


d n ~ 1 B 1 _ (n - 1\ d i ( I\ dP-^E . I dP- 1 " 
~T“ — 


dv 


i=l 


Therefore, from (118151) and (118181) . 
(1820) 

which, through integration, implies 

d j B 1 


dv 1 \ v 2 ) dv n 1 1 v 2 dv n 1 
d n ~ 1 B 1 


dv 71 


= Pn 


(1821) 


did 


Pn- 1,1 j = 0 , 

Pn-l-j 1 < j < n - 1 . 


We see that, in particular, (1174711 with 1 in the role of 0 holds. Therefore, also (117481) with 1 in 
the role of 0 holds, i.e. we have 


(1822) 


dP- 1 H li 

du n_1 


Pi a n = 2 , 
Pi n > 3, 


i = 1 , 2 . 
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Now we define (this is (1174911 with 1 in the role of 0) 


G\ := v 3 B ± — / t/ 2 Pi(u')du' 


(1823) 
and have 
(1824) 

We then have, as in (117511) with 1 in the role of 0, 

d n ~ 1 N[ (n — 1)! 




(1825) 


dv n 


,,n+l 


B n -iGi, 


where (this is (1176611 with 1 in the role of 0) 
(1826) 


P r V (-l)"- m - 1 («-"i).. m ^ m G 1 

Bn-lGi — > -j- V 


m—0 


dv 71 


Now we use (1182111 in (1175211 . setting successively j = m, m — 1, m — 2, m — 3. We obtain 

d m Gi 


(1827) 


dv 71 


= Pr,- 


n— m+2* 


Using this in (1182611 and taking into account that the null space of B n _i consists of all polyno¬ 
mials of degree n which begin with quadratic terms, we obtain 

(1828) B n _iG\ = P n +2,n+i- 

Substituting this in (1182511 yields 

d n - x N[ 


(1829) 

which, together with (1182211 , yields 

d n ~ 1 N 1 


dv 71 


(1830) 


dv 71 


= Pi, 


Pi, l n = 2, 

Pi n > 3. 


To see that the polynomial part has no term of order zero in the case n = 2 we use (118201) . 
(I1821D together with the first and the second of (I1772D in (117711) with i = 1. 

Combining the estimates (1177011 and (118301) we obtain 

(1831) 


d^N A 


dv n ~ x 4k 2 j n + 2 

We introduce 

(1832) 

We have 
(1833) 


n(n + 1) i n[n — 1) ~ 

In, 0 — j ^ in, 1 4“ 


n + 1 


(n + 2)(n + 1) 
A 


*n,n+2 


Pi, i n = 2, 

Pi n> 3. 


Hv) : = /(«) - ^r> 2 - 


_ d"/ _ / ^ „ = 2, 

6 n > 3. 


c?u n dv n 

Combining now (1174011 with (1183111 we obtain (see (116851) 1 
(1834) 


d"4> A 


dv 71 6 k 2 [ n + 2 

We note that since 

(1835) 
we have 
(1836) 


n(n + 1) ~ n(n — 1) ~ 

in, 0 — ) i in, 1 + 


n + 1 

df 


(n + l)(?z + 2) 


*n,n+2 


Pyi n = 2, 
Pl n > 3. 


/(0) 0, X(°) °’ ciJ (0) 3 k 2 ’ 


“ ,(0 > = TT<°> = 
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We recall / = v 2 f. Using (116991) we obtain 
(1837) 


d^_ 

dv n 


d n 

dv n 


„n+2 


where (see (117001) 1 the linear n’th order operator M n is given by 


(1838) 


M n = n\B n 


E 

m —0 


(-1 ) n - m n\(n + l 

to ! 


to ) 


d m 

dv m 


f (-lMl + l) .,-i d n ~ l ' 

^ (n — l)l dv n ~ l 

i=o v ' 


We recall that the null space of B n (and hence the null space of M n ) is the space of all polynomials 
of degree n + 1 which begin with quadratic terms. 

Now we use (114161) to compute, for 0 < l < n, the Mold iterated integral of vl n , o, vl n , i, 
vl n ,n+ 2 appearing in (118341) . Setting f 0 = ^ in (11414D . so that g 0 = J„ i0 = I n>0 , and k = 1 in 
(114161) , we find that the Mold iterated integral of vI n: o is given by 


(1839) 


.,^+1 


In ,0 (~ l) m _ In,m +1 1 

(1 + 1 )'- “i ( m ~ m )' ( m + !) J ’ 


Setting /o = in (I1414D . so that go = I n q = vl n ,i, and k = 0 in (114161) . we find that the 
Mold iterated integral of vl n ,\ is given by 


(1840) 


4+i 


In, 1 (— l) m In,m +1 ] 

l\ (m — l)\(l — m)\ m | 

m= 1 ) 


Setting f 0 = v n+ in (1141411 . so that g 0 = I n ,n+ 2 = u" +2 / njn+ 2 , and k = —n — 1, we find 
that the Mold iterated integral of u / njn +2 is given by 


118411 J, +1 I l)\i n ,n+2 ■E (~l) m _ In,m+ 1 ) 

1 J I n! ^ (m- l)!(/-m)! (n+l-m) j ' 

We note that here we made use of (114161) in the case k < 0, which is valid since k + l < — 1. 
Therefore we interpret the first factor in the first term of (114161) as in (114291) . 

Using now (118391) . (118401) and (118411) for the /-fold iterated integral of (118341) in conjunction 
with (118381) . yields 


M„i> = 


Xv n+1 

6k 2 


(1842) 


n(n + 1) - ^ (—l) z n! 

n + 2 ln ’° (n — /)!/! 

n(n— l) ~ ^ (-l) z n!(/+ 1) 

n + 1 U l {n — l)U\ 


(ji -f- l)(n T 2) 


n,n+2 


E( / + 1 ) 


1=0 


(—1 ) m+l n\ (n — m)(n — 1 — m){l + 1) ~ 

(to + !)!(/ — to)! (n — l)\(n + 1 — m) "’ m+1 


+ C(u ri+2 ). 


Here we made use of the fact that, when (118341) is iteratively integrated n times, the polynomial 
part of $ is of degree n + 1 and, in view of (1 18361) begins with cubic terms. Therefore, the 
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polynomial part of $ is annihilated by B n hence it is annihilated by M n . The first sum in 
(HM21) is 


(1843) 


1=0 


£ r )(-i)* = (i-i)" = o, 


since n > 2. 

In view of this the second sum in (118421) is 


1=0 


(1844) Ef+D^+ £())<- 


. 1=0 


X=1 




since n > 2. 

The third sum in (TTM21) is 
(1845) 


E( Z + !) - 


(n + 1 ){n + 2) 


1=0 


Finally, we rewrite the double sum in (I1842D as 
(1846) 
where 


(—l) m (n — m)(n — 1 — m)n\ T 

/ J 7 7T77 ' 7 ~ Oln.m^n 


m= 1 


/ i t\W i 1 M ^71,771-*71,771+1 5 

(m + l)!(n + 1 — m)\ 


_ « (-+(1 + 1 ) 

i,m — 2^ (1 


=* (l — m)\(n — l)\ 

l=m 


(1847) 


= (-ir E 


i =0 


(—l) ! (m + 1 + 1) 
il(n — m — i)l 


We see that in (118461) the terms with m = n and m = n — 1 vanish. Therefore, we can restrict 
to the case 1 < m < n — 2. We have 


E 




.. 71 — 771 

1 v—^ (n — m 


E 


. i\(n — m — i)\ (n — m)\ z ' \ i 
i=0 v j \ j i=0 \ 


(-i Y 


i 


(1848) 

since n — m > 1. Also, 


(n — to)! 
= 0, 


71 — 771 / W • 71 — 771 

y- (~1) » = 1 y- 

■' z!(n — m — z)! (n — m)\ ' 

1=0 V J \ J 2= 0 


(i- + 


n — m 


{-lYi 


1 


(n — m)! dx 

1 d 


(n — m)! dx 


l 1=0 
( 1 - + 


n — m 


(-*)* 


X=1 


11C = 1 


(1849) = 0, 

since n — to > 2. We conclude that 


(1850) 

Hence the double sum in (118421) vanishes. 
We deduce from the above 


«ri,m = 0:l<m<ro — 2. 


M„$ = „ +2 + d+ n+2 ). 


(1851) 
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Therefore, substituting in (118371) . we conclude 
(1852) dn f X 


L n,n-\- 2 


0 ( 1 ). 


dv n 6n 2 v 

7.3.5. Estimate for d n 8/dv n . We recall the function 6 given by 
(1853) S(v) = g(v) - c +0 f(v), 

where 

(1854) g(v) = r(v,v) - r 0 . 

We also recall the function 6 given by S(v) = v 3 5(v). Using 


(1855) 
we deduce 


d k 

dv k 


1 


(—l) fc (fc + 2)! 

2v k + 3 


d n 6 

dv n 


(1856) 


= £ 

k—0 

1 n 

= -y 

2 ^ 

k=0 

1 


1 


z—k i 


k J dv k V v 3 J dv n k 


n\(—l) k (k + l)(fc + 2) d n ~ k 8 
(n — k)\v k+3 dv n ~ k 


1 , 71+3 


L n 8 , 


where L n is the n’th order differential operator 


(1857) 




1 ^ (— l) n m n\(n + 2 — m)(n + 1 — m) m dP 


m =0 


dv r ‘ 


which is homogeneous w.r.t. scaling. Hence L n takes a polynomial to a polynomial of the same 
degree. Let G be a polynomial which begins cubic terms. Then M := G/v 3 is analytic, hence 
so is v~ k ~ 3 L n G. This follows from (1185611 with G in the role of d and M in the role of 5. It 
follows that the polynomial L n G begins with terms of degree k + 3. We conclude that the null 
space of L n consists of all polynomials of degree n + 2 which begin with cubic terms, i.e. 

(1858) L n P n . (_2,3 = 0. 

This is a n-dimensional space. 

We now estimate d m S/dv m . Let us recall the splitting of 6(v) 

(1859) S(v) = S 0 (v) + Si(v), 

where the functions Sq and <5i are given by 

.2 


( 186 °) ^ (v) = ^ (1 + y(v))v z 


8o(0) = 0 , 

( 1861 ) ^■(v)={y(v)-c +0 -^(l + y(v))vj-^v + (V(v)-c + o)i>(v), 5i(0) = 0, 

where we recall the function <j> 

(1862) 

We note that 
(1863) 


,/ x df A 
* {V} = ^ V) - 3+”' 


4,(v) = §(»), 


where $ is given in (118321) . 

Now we apply d m - 1 /dv m ~ 1 to dS 0 /dv. We claim 


(1864) 


d m S 0 

dv m 


6k 


. 2 d m ~ l y _ d m ~ 2 

v 2 . ... , + 2(m — l)u 


dv m ~ 1 


dym -2 


V 

^ + (m — 1 )(m — 2) 


m —3 


dv m ~ 3 


p. 
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where P is a generic polynomial and we interpret d k y/dv k for k < 0 as the /c-fold iterated 
integral of y. For m > 1 this follows directly and we note that for to > 3 the polynomial P is 
the zero polynomial. For the case m = 0 we define 


(1865) 

ui(v) := 

[ y{v')dv', 
Jo 

(1866) 

u 2 {v) ■■= 

f ui(y')dv’ 

Jo 

(1867) 

u 3 (v) ■■= 

/ u 2 {v / )dv / 
Jo 


Then the right hand side in (11864D becomes 

(1868) E {v 2 ui{v) — 2vu 2 (v) + 2u 3 (v )} + P(v), 

OK 

while from (118601) we have 

<5oM = [ v ' 2 (y( v ') + l ) dv ' 

6k Jo 


(1869) 
We write 


= — f 

6k Jo 

- _A_ : 

18k 


' i + fh'’'* I *' 


+lv 2 ui(v) — 2 [ v'ui(v')di 
6k L Jo 


[ v , ( M , , f V ,du 2 , 

/ v u\[v )dv = v —— (u )dv 

Jo Jo dv 

r 

= vu 2 (v) — / u 2 (v')dv' 

J 0 


(1870) 


= vu 2 (v) — u 3 (v). 


Substituting in (118691) we see that (118691) coincides with (118681) up to a polynomial. Therefore, 
(118641) holds for to = 0 also, hence it holds for to > 0. 

From 


(1871) 


d n ~ 1 y 
dv 71-1 


(v) 


d n ~ l y 

dv™- 1 


(0) + I n ,o{v), 


together with the expression for the 1-fold iterated integral of I n ^ given by (115691) we obtain 
dn-i-iy/d v n-i~i _ Setting to = n — 1 — l we obtain 


(1872) 


d m y 

dv m 


— Pn—l—m T V 


In, 0 

(n — 1 — to)! 


n—l—m 

E 


3 =1 


j!(n 1 to j)! 



Replacing to by in — 1, to — 2, to — 3 and substituting in (118641) we obtain 


d m 6 0 

dv m 


(1873) 


A -rt+2 - m J n(n + 1) f n+ ^" 1 (-iy{n-j)(n-j+ 1) f 1 
6k j (n + 2 — to)! n ’° ■yy j\(n + 2 — m — j)\ J 

_j_ f Pn+2 — m,4— m 0 ^ TO < 3, 
\ Pn+2-m TO > 4. 


The polynomial part follows from (5 q = 0(u 4 ), which in turn follows from dSo/dv = 0(1). 

Now we estimate L n So, where the operator L n is given in (I1857D . Recalling that the null 
space of L n consists of all polynomials of degree n + 2 which begin with cubic terms, we see that 
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L n annihilates the polynomial part of 5o. Therefore, 

L/n^o = 77 : v 
12k 


n+2 


{n(n+l)(-l)"4oE Q(-l) 

m=0 


(1874) 

Since 

(1875) 


n n+2 —m 


+ E E 

m =0 j=l 


(—1)" m ■ 7 n!(n + 2 — m){n + 1 — m){n — j)(n + 1 — j) 


i\j\(n + 2 — to — j)! 




E 

m—0 


m 


(-l) m = (l-l) ri = 0, 


for 77 , > 1, the first sum in (118741) vanishes. 
We rewrite the double sum in (118741) as 

n+2 

(1876) £ 

3 =1 

where 


(—1)” +J n!(n — j)(n + 1 — j) 


j! 


&n,jI'n.j , 


n+2-j 


a. 


. - E 


(—l) m (n + 2 — m)(n + 1 — m) 
ml (77 + 2 — 777 — j)! 


(1877) 

m =0 

We were able to include the term m = n + 1 for j = 1 trivially because it vanishes. We have 

1 n+ 2 -j 

&n,j — 


—_ V 

(77 + 2 — j)! ^ 

v J ’ m—0 


1 


d 2 


(1878) 

Therefore, 


(77 + 2 — j)\ dx 2 

1 d 2 

(77 + 2 — j)! da; 2 


77 + 2 - j 

777 

ra+2-j 

E 

m=0 


(—l) m (n + 2 — 777) (77 + 1 — m) 
77 + 2 - j N 


n+2 —m 


(-1 r 


{x j (x-l) n+2 -i}\ x=1 . 


(1879) 


& n.i — 


(77 + 1)(t7 + 2) j = n + 2, 

2(?7 +1) J =77 + 1, 

1 j = 77, 

0 j < 77—1. 

However, the terms with the coefficients a njn and a njn +i do not contribute in the sum in (118761) 
and we obtain that (118761) collapses to the term j = n + 2, i.e. (118761) is equal to 

(1880) 2/„, n+2 . 

Therefore, 

A 


(1881) 


Ln& 0 — a ^ 
Oft 


n+2 j 


^n,n+2} 


which, when substituted in (I1856D with <5 q in the role of 6 , gives 


(1882) 


d n S 0 

dv n 


6kE 


n,n+2 • 


We turn to d n 8\/dv n . We apply d n 1 /dv n 1 to dS\/dv. For 77 > 3 we obtain, 

d n ~ 1 V kv d n ~ 1 y (77 — l)ft d n ~ 2 y 


d n di _ A 


dv r> 


3ft 2 I dv n 1 2 dv n 1 


+ (n- 1) 


A 


3ft 2 I dv n ~ 2 2 dv n ~ 2 


dv n ~ 2 


2 t/ (77 — 2 )k d n 3 y 

2 dv n ~ 3 
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(1883) 


E 

1=0 


- 1\ d l V d n 


l J dv l dv n 1 1 


From (118711) and (118721) with m = n — 2 we have, for n > 3 
(1884) 

(1885) ^=-Pl +vI n>0 -vI nA . 

Using (I1545D we obtain 

(1886) 


d n 4 p f 
V ^T = Pl ’i + vI ^, 

d n ~ 2 y 
dv n ~ 2 

d n ~ 1 V kv d n ~ 1 y (n-l)cd" -2 !/ 
dv 71 - 1 2 dv 71-1 2 dv n ~ 2 

which implies that the first line in (118831) is a P 2 +. 

From (I1872D with m = n — 3 we have 

jn—3 ni „,2 


= Pi 


(1887) 

Using 

(1888) 

(1889) 


d n A y - v 
d V n ~ 3 2 2 


{4 


o i H - In 


’ 2 }- 


J” v'i nfi (v')dv' = y (4,0 - 4,2), 
J v'i n ,i(v')dv' = v 2 (4,i - 4 , 2 ) , 


we obtain, through integration of (I1545D 
d n -2y —.2 

(1890) 


y- jn 4 ,o - 2 (n - l) 4 ,i + (n - 2)4,2} • 


dv n ~ 2 

From (I1885D . (118871) and (118901) we obtain 

d n ~ 2 V kv d n ~ 2 y (n — 2)k d n ~ 3 y 


(1891) 


dv n ~ 2 2 dv n ~ 2 

i.e. the second line in (118831) is a P 2 . 


dv n ~ 3 


= P> 


From (115451) together with the fact that V(v) — c+o = 0(v 2 ) we have 
d m V 


(1892) 


dv n 


In view of (1 18631) we have from (118341) . (118361) . 

d m (j) 


(1893) 


dv r 


C+o + Pn- 

1,2 m = 0, 

Pn- 2,1 

TO = 1, 

Pn—m—1 

2 < m < n — 

J|). P3B|I. 

f Pn-1,2 

TO = 0, 

\ Pn- 2,1 

TO = 1, 

[ Pn—m— 1 

2 < to. < n — 1 . 


Using now (I1892D and (118931) we deduce that each term in the sum in (1188311 is a 
conclude that for n > 3, (118831) is a P 2 . 

In the case n = 2 in place of (118831) we have 

d 2 S 1 A ( dV k .. . kv dy\ A / k . \ 

^ = ^U"2 (1 + 2/) -Tij + 3^( y - C ^-2( 1 + ^) 


(1894) 

Using 

(1895) 


, . d(/> dU 

+ <K - C «)* + 


j h.a (v')dv' = w (/a.o — 5,1) 


P 2 . We 
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in (118711) with n = 2 we obtain (recall that y( 0) = —1) 

dy, , 


(1896) 


1 +2/= / '^(v')dv' = Pi,i + v (j 2 ,o ^ h,ij ■ 


Together with (115451) and (11871D . both with n = 2, we obtain 
(1897, 

Using (I1888D . (118891) . both with n = 2, in (115451) with n = 2, we deduce 


(1898) U - c+o = J 

This together with (118961) implies 
(1899) 

In view of (118921) . (118931) . 

(1900) 

From (118971) . (118991) and (119001) we obtain 


dV , , kv 2 

—— (v )dv = —— 
dv y J 2 


(/ 2 ,o - 4i) 


2 , 2 - 


U - c+o - -(1 + y)v = P 2 , 2 - 


(U - c+o)^, = £>(n 3 ). 

an an 


(1901) 


d 2 (5i 

dn 2 


= P. 


2 , 2 - 


Together with the above conclusion for n > 3 we conclude 

d"(5i 


(1902) 

From (119021) we have 
(1903) 


dv 

d m Si 

dv m 


= Pi. 


— Pn+2—ru¬ 


in view also of (I649D we have, in particular, 

(1904) (5-1 = P n+ 2,4. 

It follows that L n annihilates the polynomial part of di. From (1 18561) (see also (118571) 1 with <5i 
in the role of S we obtain 

jni 

(1905) = 0(1)- 

Combining with (118821) we conclude 

,ml \ 

(1906) 3^ = ^/n,n +2 +0( 1). 


dv r 


7.3.6. Estimate for d n y/dv n . We recall 


(1907) 

where 


dy = (dF)/dv)(v,y(v)) 

dv (dF/dy)(v,y(v)) ’ 


(1908) 

(1909) 


OF A 2 f dR 

~dy^ V,V ’ = 2k* ~ K f( v ) + v -fy( v ’y)’ 

dF df dS dR 

-^~{v,y) = -Ky—{v) + —{v)+R{v,y) + v—{v,y). 
ov dv dv ov 


We recall that R is given by 


(1910) R(v, y) 



where H is a smooth function of its arguments. 


vH(f(v),y), 
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Setting /o = v n+ in (114141) so that g 0 = I n , n +2 and using (114161) with k = —n — 3 we 
obtain the Wold iterated integral of ^I n , n - 1 - 2 • Using this in (11852D . (119061) we obtain 


(1911) 

(1912) 

From (118721) we have 
(1913) 


d m f 

dv m 

d m S 

dv m 


d m y 

dv m 


Pn—m —2 0 < m < n - 2, 


0 ( 1 ) 


m = n — 1, 


P n -m -2 0 < m < n - 2, 


0 ( 1 ) 


m = n — 1. 


Pn—m—2 0 < m < n - 2, 


0 ( 1 ) 


m = n — 1. 


Recalling (dF/dy)( 0,-1) = we deduce from (119111) . (119121) and (119131) 


(1914) 


(1915) 


d m \ dF I I 3 ^ + 0(v) m = 0, 

(V,y(v))}={ Pn—m—2 1 < TO < U - 2, 
0(1) m = n — 1, 


dv m 1 dy 

d m j dF \ _ cT+7 dr+^l f P n _ m _ 2 0 < m < n — 2, 

dv m ] dv ^ V,y ( V | K dv m+1 + dv m+1 \ 0(1) m = n - 1. 


We apply c?” 1 /cfo" 1 to (119071) . Using (1185211 . (119061) . (119141) and (119151) we obtain 
(1916) 


d n v 1 - 

^ = -W + o ( i), 


i.e. 

(1917) 

Setting 
(1918) 
we have 
(1919) 

Integrating gives 
(1920) 

Therefore, 

(1921) 


<£y, 

dv 11 




r-v jn 

Z n (v) ■= / V 

Jo 


/ n+2 dn y,^ J ^ 


dv’ 


-(v')dv', 


d (Z, 
dv 


Z , 


= (D(v n+1 ). 


— = 0(u n+2 ) 

v 


Z n = 0( V n + 3 ) 


which, when substituted in (119171) . yields 
(1922) 


d n v 

3-^ = 0(1), 

dv n y ’ 


i.e. Y n is bounded, hence ( Y n ) holds and the inductive step for the derivatives of the function y 
is complete. 
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7.3.7. Bound for d n f / dv n and d n a+/dv n = P\. We recall (1185211 

A 


(1923) 


dv n V 6n 2 v n+3 


,jn +2 d n y 


^L(v') dv ' + 0( 1 ). 


In view of the bound on Y n we have 


(1924) 


d n f 

5 -^ = 0(1). 
dv n v ’ 


Therefore, F n is bounded. Hence (F n ) holds and the inductive step for the derivatives of the 
function / is complete. We note that (1192411 implies (recall / = v 2 f) 

d n f 

(1925) -J-=p 1 . 

y J dv n 

We turn to d n a+/dv n . From (I1628D we obtain 


d n a+ . . d n a.i, . 
■(«) = 


dv r 


du n 


E 

k. 2—0 


d i+1 t dP^A 
i) du l dv du n ~ l 


(1926) 


E 

;=o 


n — 2 


d n 


A 


l + 1J \ du n ~ 1 ~ l dv l \dv 


(v, v')dv' 


{v,v). 


The first term is taken care of by the assumption on the initial data. In the following we 
will make use of (t p , m ), (t m , n ), (a P ,n), (ot m ,n), W P ,n), (Pm,n) and (116771) without any further 
reference. Each of the terms in the sum of the second term is at least a Q o- Therefore, the 
second term is a Pip. We split the third term according to 

(1927) 


E 


n — 2 


d 


in—1 


flE 


l + l J du n ~ 1 ~ l dv l \dv 


-E( 


n — 2 


d 


in—1 


+ 1J du n ~ 1 ~ l dv l \dv 


(%-A | + 


n- 2\ d n ~ l 
n 


dt 


dv n ~ l V dv 


i=o v ^ ' ;=o 

The first term involves mixed derivatives of t of order n and less and derivatives of a, /3 and t 
of order n — 1 and less which are all Q i. Therefore, the first term in (119271) is a Pi. For the 
second term in (119271) we have 


(1928) 


d n 


dt 


dv n ~ l V dv 


d n t ~ 

(v,v) = Pi + g-^(v,v)A(v,v), 


where for the first term we reason as above. To deal with the second term in (119281) we use 
(116021) with n in the role of k and (116061) with n in the role of n — 1 which is 

n—1 


(1929) 


1 


a n = 


_ dV 

1 + 7 1 di;" 


i=i 


a J _ v-' / n- 1\dPy_ i 
rlijn \ I I dvl n l 1 


l 


dv 1 


For the first term in the bracket we use (119251) . For the sum we note that each of the a n -i 
involves derivatives of t of order n—1 and less and is therefore a Pl . From (119221) we have 


(1930) 

Therefore, from (115681) . 
(1931) 


t '»=[ =ow. 


= Po, 


du n_1 

which, through (116081) . implies, recalling that p(0) = 0, 

d n-K 


(1932) 

Therefore, 

(1933) 


7 


= Pi- 


du n_1 

a n = Pi- 
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Therefore, from <116021) with n in the role of k we find 
(1934) ^{v,v) = P^v). 

Using this in (I1928D we see that the second term in (119271) is a P\ and therefore the whole sum 
in (I1927D is a P\ which in turn implies that the third term in (I1926D is a Pi. We conclude 


(1935) 

i.e. («+,„) holds. 


cTo± =p 
dv n 1 


7.3.8. Inductive Step for Derivatives of t, a, /3 Part Two. In the following we prove 


(1936) 


d n a 

dv n 


Q 0 ; 


d n /3 

dv n 


= Q o- 


Together with (116621) this will then establish ( jap, w -ij ), (8o,n-i I with n in the role of n— 1, i.e. it 
will establish (ao, n ), (fto.n)- With n in the role of n — 1 in the equations (115931) . (1164211 . (1 16551) 
we have 

d n t 
~dv~ r ‘ 


(1937) 

(1938) 


{ r) n t C u 1 

q-^( v ’ v ) + J e i( “ ’ v) R V}n (u',v)du' j , 


d n 


f n— 1 


dv' 




. 2—0 


d n 8, 1 ^+nx r W 

( u ’ w ) = -^»+ / lE 


-i\ d i+1 t d n ~ 1 ~ i A \ 

i J ap+i an"- 1 - 4 j u,v 

d i+1 t d n ~ l B 


dv r 


,i=0 


i J dv l du dv n ~ l 


{u ', v)du' 


(1939) 


E 

1=0 


1- 


l + lj \ du l dv 


K-)- 


Analogous to (116661) we find 


(1940) fl„„=<5,+ + 

Therefore, taking into account (119341) . 

d n t 
dv n 


(1941) 


{u,v)=Q 1 + j {Q\ d ^ + \ (u\v)du’. 


For (119381) we make use of (119411) together with (f P) „), (t m , n ), (a p , n ), {a m , n ), {/3 p , n ), {/3 m ,n)- 
We find 

d n a, 


(1942) 


dp 


r u ( B n a d n 8' 1 

<u,v) = Q 1 + l { Q’ 1 — + Q»^{ u ', v )du'. 


Now, (Y n ) implies that (112681) holds with n in the role of n — 1. By (119251) and (U935|) also 
(112691) and (112701) hold with n in the role of n — 1. Therefore, we obtain, in the same way as we 
derived (112851) . that (112851) holds with n in the role of n — 1. Therefore, the first term in (119391) 
is a Pi. 

We split the sum in the integral of (119391) into 


(1943) 


E 


/ n\ d i+1 t d T '- l B 
\i) dv l du dv n ~ l 


dt d n B 
du dv n 


d n+ H ~ 

_ J^> 

dudv n 


In view of (f Pi „), ( t m ,n ), (a PjTl ), (a m , n ), {8 P ,n), {8m,n) and the Hodograph system, each of the 
terms in the sum is a Q\ and for the second term in (I1943D we have 


d n B 

dv n 


Q i + Q'i 


d n a 

dv n 


y/ 9 n 8 


Q "^ +Q '" 


d n t 

dv n 


(1944) 
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From (115871) with i = 0, j = n - 1 we obtain, using again (t p ,„), (a P ,n), (a m ,n), (0 P ,n), 

(0m,n) > 

d n+1 t 

(1945) = Q i 


n , 


n "9 n 0 M n'" dnt 


dudv n 1 Si;' 

We now look at the last term in (I1939D . We split the sum into 


(1946) 


E 

i=o 


d n 1 / dt 

l + lj du l dv n ~ l ~ l \chi 


B) + 


d 


)TL — 1 


dt 


du n ~ l V du 


B 


In view of (t Pj7l ), (t m ,n), (a P ,n), (a m ,n), (0 P ,n), (dm,n) and the Hodograph system, each of the 
terms in the sum is a Q\ and for the second term we use (116771) and conclude that this term is 
a Q 0 . Using now (119441) . (119451) in (119431) and the resulting expression in (119391) we find 

d n B f u f d n a d n B d n t I 

( 1947 ) g£(u,v) = Q 0 + ^ { Ql — + Q^ + Q?—j {u ',v)du'. 

Defining 

(1948) G := 


d n a 

+ 

d n 0 

+ 

d n t 

dv n 


dv n 


dv n 


and taking the sum of the absolute values of (119411) . (I1942D and (I1947D . we obtain 
(1949) 


which implies 
(1950) 

which in turn implies 
(1951) 


G(u, v) < C + C' f G(u', v)du', 

J V 

G(u,v ) < C, 


d n a 


d n 0 


d n t 

dv n 


dv n 

? 

dv n 


< C. 


Therefore, using this in (119411) . (I1942D . (119471) we obtain 

d n a d n 0 d n t 


(1952) 


— Q o, 


dv n ’ dv n ’ dv n 

the first and second of which are (119361) . From (116621) and (119361) we conclude that (ao, n ), (@o,n) 
hold. This completes the proof of the inductive step for the derivatives of a , 0 and t. Therefore, 
the inductive step is complete. 

7.4. Blowup on the Incoming Characteristic originating at the Cusp Point. We recall 
the following asymptotic forms 


(1953) 

(1954) 

(1955) 


dot, . Aj4o , /r)( \ 

dn ’ -* = 3^'" + °y uv d 

d0f v a (d0* 

dt A 


0(uv), 


As established above, a, 0 and t are smooth functions of u and v in the state behind the shock. 
Let us now consider an outgoing characteristic originating at a point on C_ corresponding to the 
coordinates (u, 0). According to (119531) . (I1954D and (119551) . along this outgoing characteristic 
the Taylor expansions in v of a, 0 as well as t do not contain linear terms but do contain odd 
powers beginning with the third. Therefore, a and 0 hence also the ^ are smooth functions 
not of the parameter t but rather of the parameter 


(1956) 


y/t — to, where to = t(u,0). 
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Therefore, the derivatives of the ^ with respect to L+ of order greater than the first blow up 
as we approach C_ from the state behind the shock (recall (|123[) for L+). 
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